STABLE MAPS TO QUOTIENT STACKS WITH A PROPERLY STABLE POINT

ANDREA DI LORENZO AND GIOVANNI INCHIOSTRO

ABsTrACT. We compactify the moduli stack of maps to certain quotient stacks X = [W/G| with a projective
good moduli space, extending previous results from quasimap theory. For doing so, we introduce a new
birational transformation for algebraic stacks, the extended weighted blow-up, to prove that any algebraic
stack with a properly stable point can be enlarged so that it contains an open substack which is proper and
Deligne-Mumford. We give a criterion for when a morphism of algebraic stacks is an extended weighted
blow-up, and we use it in order to give a modular proof of a conjecture of Hassett on weighted pointed
rational curves. Finally, we present some applications of our main results when X is respectively a quotient
by a torus of a proper Deligne-Mumford stack; a GIT compactification of the stack of binary forms of degree
2n; a GIT compactification of the stack of 2n-marked smooth rational curves, and a GIT compactification
of the stack of smooth plane cubics.

1. INTRODUCTION

Given the construction of a moduli space of curves, it is natural to ask if one can construct a moduli
space of pairs consisting of a curve C together with some extra data. When this extra data is parametrized
by an algebraic stack X, this corresponds to constructing a moduli space of maps (C, f : C — X) where C
is a curve and f is a map to X. Therefore, it is natural to try to construct a compact moduli space, which
generically parametrizes morphisms from families of smooth curves to an algebraic stack.

This problem has been solved for X’ a projective variety by Kontsevich [ , |, a Deligne-Mumford
stack with a projective coarse moduli space by Abramovich and Vistoli | |, for X = BGp,, X = [X/Gy]
with X projective or X = B GL,, by Caporaso, Frenkel-Teleman-Tolland, Cooper and Pandharipande | ,

|. Finally, when X = [Spec(A4)/G] and there is a character 6 : G — Gy, such that
[Spec(A )(]kg)"'s / (] is a Deligne-Mumford stack, the problem is again fully solved via quasimap theory by
Cheong, Ciocan-Fontanine, Kim and Maulik | , , ]. Similarly, when C' is forced to
remain smooth, there is relevant work by Halpern-Leistner and Herrero | |.

1.1. Main results. We focus on stacks which are global quotients and admitting a projective good moduli
space, as many moduli of varieties are as such. Theorem 1.1 is a more compact version of our main results:

Theorem 1.1. Let X = [W/G] be a quotient stack with G reductive, with a projective good moduli space
X — X, and admitting a dense open subset U C X such that X x x U is Deligne-Mumford. Then:

(1) there is a proper Deligne-Mumford stack Qg(/'? .fDM,ﬁ) which generically parametrizes morphisms
¢:C = X of class B_and satisfying a stability condition, from a smooth curve C' of genus g; and
(2) the boundary of Qg(X Xpwm, B) correspond to maps ¢ : C — X of class B and satisfying a stability

condition, from a twisted curve € to an enlargement X C X of X.

The enlargement X C X is a dense open embedding, with Xa global quotient stack, with the same good moduli
space of X. In particular, the algebraic stack Qg(X XDM,B) compactifies the space of maps ¢ : C' — X of
class B, where C is a smooth curve, and such that ¢~ (U x x X) # 0.
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The strategy for proving Theorem 1.1 is as follows. We begin by showing that if X is an algebraic stack
which contains a proper Deligne-Mumford stack Xpy € X as an open substack, then (in some cases) one
can build on results from quasimap theory to construct a moduli stack of maps to X'. More specifically, we
prove the following.

Theorem 1.2. Let X be an algebraic stack with a projective good moduli space X — X, which is a global
quotient [W/G] by a reductive group G, and which contains an open substack Xpy C X which is a proper
Deligne-Mumford stack. Assume that Xpy is the L-semistable locus of X over X for a line bundle L.

Then there is an algebraic stack, which we denote by Qg (X, Xpwm, B), which is proper, Deligne-Mumford,
it parametrizes stable quasimaps ¢ : (C,x1,...,x,) — X, defined in Definition 3.8, from an n-pointed twisted
curve C of genus g and class B to X. If X is smooth, the moduli space Qg ,(X, Xpm, B) carries a perfect
obstruction theory.

The condition that AXpys is the semistable locus for a line bundle is not a heavy restriction. For example,
when X is non-singular, every open substack of X which is proper and Deligne-Mumford is the semistable
locus of X over X for a line bundle £. On the other hand, the condition that X contains an open which is
Deligne-Mumford and proper is heavier: it is not hard to find algebraic stacks which are global quotients
and have a projective good moduli space, which do not have an open substack which is proper and Deligne-
Mumford; simple examples are given by the GIT moduli space of plane cubics, or the GIT moduli space of
n unordered points on P!. Theorem 1.2 alone does not lead to a moduli of maps to these stacks.

Theorem 1.2 can be interpreted as a relative version of | , |, relative over X. Indeed, the
results in loc. cit. apply to stacks of the form [Spec(A)/G] with the semistable locus given by a character of
G. The main observation is that a good moduli space is, étale locally on X, of the form [Spec(A)/G], so one
can leverage the results in | , | to obtain Theorem 1.2. The definition of stable quasimap is
given in Definition 3.3, and is a combination of the definition of quasimap of | | with the definition of
twisted map of | ]. The class 3 is a numeric invariant needed to prove that Q4(X, Xpwm, 8) is bounded,
it is defined in Definition 3.11.

To compactify the space of maps to algebraic stacks which do not contain an open substack that is proper
and Deligne-Mumford, we prove the following.

Theorem 1.3. Let X be an algebraic stack with a good moduli space p : X — X, and with a dense open
U C X such that X xx U is Deligne-Mumford. Then there is an algebraic stack X with an open embedding
it X < X such that:

(1) X has a good moduli space which is isomorphic to X via the inclusion i,

(2) there is a line bundle Lpys on X such that )?(EDM)? is Deligne-Mumford and proper over X,

(8) if X is a global quotient, then X can be chosen to be a global quotient,

(4) there is a morphism m: X — X which is an isomorphism over (pom)~1(U),

(5) the morphism 7 o is isomorphic to the identity.
In particular, from Theorem 1.2, if X is a global quotient and one fixes an integer g and a class 3, there is
a moduli space Qg(??, ‘JF(EDM)ﬁ(S,B) of stable quasimaps to X which is a proper Deligne-Mumford stack.

In particular, for every projective variety W with the action of a reductive group G and with an ample
G-linearized line bundle L, one can use Theorem 1.2 anﬁd Theorem 1.3 to compactify the space of maps from
smooth curves ¢: C — [W°(L)/G] such that ¢(C) N W’ (L) # 0.

We construct the enlargement X of X using | ]. Specifically, the proper Deligne-Mumford stack
X (Lpm)% is obtained by the Kirwan desingularization procedure of | , ]. For doing so, we define
extended weighted blow-ups, which are a generalization of weighted blow-ups of | ], and the enlargement

X of X is obtained by performing a sequence of extended weighted blow-ups.
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1.2. First applications. In the last section of the paper we report a few examples, where our theory can
be used to construct compactifications of stacks of maps to algebraic stacks, and where the previous theories
do not apply.

First, we show that there is a particular class of algebraic stacks with a projective good moduli space
which always admits an open substack which is proper and Deligne-Mumford, namely algebraic stacks X’
admitting a morphism X — BG?, which is representable in Deligne-Mumford stacks (for example, all stacks
of the form [X/G? ] admitting a projective good moduli space). In particular, for these stacks no enlargement
X C X is needed and one can apply Theorem 1.2 directly.

We show that fgr X the GIT moduli space oi 2n unordered points on P!, one can choose a modular
enlargement X C X. In particular, using such an X’ as the enlargement in Theorem 1.1, we can give a better
modular interpretation to the objects on the boundary of Q4(X, Xpm, ). An analogous picture holds for a
certain compactification of moduli of 2n-marked smooth rational curves constructed via GIT.

Finally we study the moduli space of maps to the GILT moduli space of plane cubics. In this example,
while we don’t know how to construct an enlargement X which is itself a moduli space, we show that we
can still interpret morphisms C' — X in terms of a morphism C — X with extra data, satisfying extra
conditions.

1.3. Extended weighted blowups. A large part of the paper is aimed at understanding extended weighted
blowups, defined in Definition 4.6, which are birational transformations needed to construct the enlargement
X C X of Theorem 1.3. The main properties of an extended weighted blowup 7 : EBje X — X are:

(1) the morphism 7 induces an isomorphism on good moduli spaces,

(2) the algebraic stack EBys X admits an open embedding i : X — EBje X', and

(3) there is an open substack & C EBje X which is the weighted blow-up of X at the weighted ideal
sequence I°.

Given the examples in Section 5, it is natural to wonder when one can pick the enlargement X C X of our
original stack X, in a way such that X represents a moduli problem itself. The main tool to answer this
question is Proposition 4.10, which gives a criterion for a morphism of algebraic stacks to be an extended
weighted blow-up. We use Proposition 4.10 to show that, in some examples, the algebraic stack X represents
a suitable enlargement of the moduli problem represented by X.

Moreover, extended weighted blow-ups can be used to study birational geometry of algebraic stacks. In
particular, we use extended weighted blow-ups (and specifically Proposition 4.10) to give a modular proof
of the following conjecture of Brendan Hassett:

Conjecture 1.4. Let ﬂo,(i+e,i..,i+e) the moduli space of weighted 2n-pointed stable curves of genus 0 and

with weights L +e. Let Mo,% the coarse moduli space of [ﬂ07(;+51_“7;+6)/82n} where the action permutes
the 2n points. Let P(H"(P!, Op1(2n)))/ PGLy the GIT moduli space of 2n unordered points on P', linearized

via O(2). Then there is a map My o, — P(H(P', Op1(2n)))/ PGLy which is a weighted blow-up.

Conjecture 1.4 was proven in | ] by showing that the corresponding statement for ordered points is
true, namely that there is a map MO,(%%,...,%%) — (P1)"/ PGL that is a weighted blow-up (in this case,
it is the Kirwan desingularizaiton). The conjecture was then proved by observing that the previous map
is Sao,-equivariant, and the Ss,-quotient induces Mo)gn — IP(HO(IP’l, Op1(2n)))/ PGLy which is a weighted
blow-up. It is natural to wonder if one can construct the map above from the modular properties of the
quotient stack [P(H’(P', Op1(2n)))(O(2))**/ PGLy|, which we will denote by CSIT, directly. Specifically,

2n >
the question is whether one can construct a moduli stack of rational 2n-marked curves M, having My oy,
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as coarse moduli space, and with a map M — C which induces the desired weighted blow-up on good
moduli spaces. This is the content of the next theorem.

GIT
2n

Theorem 1.5. Consider pairs (P, D) where:

o cither P = P! or P is a twisted conic, namely a twisted curve that is the nodal union of two root
stacks of P* at 0, glued along the Bus gerbe,
e D is supported on the smooth locus of P, has degree 2n and each point of P has multiplicity at most
n in D (in other terms, (P, 2D) is semi log-canonical), and
e the divisor wp(LD) is nef.
Then:

(1) there is an algebraic stack 52073( which is a moduli stack for pairs as above,

(2) there is a morphism ® : CNQC,LY — CSIT which is an extended weighted blow-up with center the polistable
but not stable point of CSIT,

(8) if we denote by X the good moduli space of CSIT, there is a line bundle L on 523( such that the
open substack CNQCTLY(E)}S c 5205 is a proper Deligne-Mumford stack and its coarse moduli space is a
weighted blow-up of CSIT at the unique polistable but not stable point, and

(4) the pairs in C;%Y(,C);g are pairs (P, D) as above such that each point of P has multiplicity at most
n—11n D.

In particular, the weighted blow-up constructed in | | is induced on good moduli spaces by the morphism

~CY ACY @ ~GIT
CQn (‘C)g{S — C2n — CQTL .

Remark 5.8 explains why one needs to consider twisted curves rather than schematic curves.

1.4. Applications to moduli of varieties of Kodaira dimension one. One of the applications of
Theorem 1.1 is towards construction of moduli of varieties of Kodaira dimension one. Specifically, while
there has been tremendous work for constructing moduli spaces for varieties of general type | , ,
, | culminating in | |, and similarly for Fano varieties | , , , ,

, ], the situation for varieties of intermediate Kodaira dimension is less clear.

This paper is relevant for constructing compactifications of moduli of varieties or pairs of Kodaira dimen-
sion one which are in the form of a fibration f: X — C and where the fibers of f lie in a moduli space of
of Calabi-Yau pairs. For example, one can take X to be the GIT compactification of the moduli of elliptic
curves with a polarization of degree three. The corresponding moduli of fibrations Qg(é? , /'?DM, B) would be
a moduli space where the generic object is a surface of Kodaira dimension one with a fibration X — C whose
fibers are GIT-semistable curves in P? of degree three, and the objects on the boundary keep the fibration
structure. If the varieties parametrized by X have semi-log canonical singularities, we can interpret limits
in Q4(X, Xpwm, B) using the canonical bundle formula | , |.

The canonical bundle formula states that if f : X — Y is a fibrations with mild singularities and with
generic fiber that is Calabi-Yau, then mKx ~ f*(m(Ky + M + D)) for m > 0 divisible enough, where D
is an effective divisor supported on the codimension one locus of Y whose fiber is not semi log-canonical,
and M is the so-called moduli part, as conjecturally there is a moduli space M of the generic fibers, and the
moduli part comes from pulling back a line bundle on M after resolving the rational map Y --+ M coming
from the generic fiber of f.

In general for a family of fibrations it is not true that the limit of the moduli part is the moduli part of
the limit (for example, one can construct an elliptic surfaces with all the fibers nodal, degenerating to an
elliptic surface with some cuspidal fibers). However, given a limit ¢ : € — X coming from Qg(/f , XpMs B),

if one considers the family induced by the composition € 2 X I X where 7 comes from Theorem 1.3,
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the limit of the moduli part will be the moduli part of the limit, as long as X’ parametrizes varieties with
semi-log canonical singularities. So when X’ is a moduli space of semi log-canonical Calabi-Yau varieties or
pairs, one can interpret Q, (/'? , XVDM, B) as a moduli space where for the canonical bundle formula there is no
boundary part, and so the moduli part of the limits in Q, ()? , /'?DM, B) is indeed the limit of the moduli part.

1.5. Organization of the paper. The paper is organized as follows. In Section 2 we report a few results
on algebraic stacks which will be needed in the rest of the paper. In particular, in Section 2.2 we report the
main definitions from relative GIT from | |, and we prove Proposition 2.16 which will be used a few
times in the paper.

In Section 3 we give the definition of quasimaps with target an algebraic stack which has an open substack
that is proper and Deligne-Mumford, and then we proceed to proving Theorem 1.2. Many of the ideas and
proofs are generalizations of ideas in [ , ], with the exception of Section 3.3 which requires
more delicate arguments.

Section 4 has the definition of extended weighted blowup, which we use to prove Theorem 1.3. In Section 4
we also provide some criteria for a morphism to be an extended weighted blow-up.

In Section 5 we report a few examples, and we use the above mentioned criteria to prove Theorem 1.5.

1.6. Acknowledgements. We are thankful to Luca Battistella and Dori Bejleri for helpful conversations.

1.7. Conventions. We work over a field, denoted by k, which is of characteristic 0 and algebraically closed.
Unless otherwise stated, all the stacks have affine diagonal, are of finite type over k, and the stabilizers of
the points are reductive (but a priori not connected). We denote the set of characters (resp. cocharacters)
of a group G by X(G) (resp. X(G)*), and the natural pairing between them by

<. > X(G) x X(G) = Z.

Given a character x € X(G), we denote by k,, the representation of G with character x. We will denote
by p, the group of n-th roots of unity of k¥ and by © := [A!/G,,]. Unless otherwise stated, all curves are
assumed to be connected and proper.

2. BACKGROUND

In this section we report a few results on algebraic stacks and geometric invariant theory which will be
useful for the rest of the manuscript.

2.1. Results on algebraic stacks. This subsection consists of a list of results that will be useful later. We
choose to isolate them from the rest of the paper because we are using them multiple times, and because
some of these results could be useful in general.

Lemma 2.1. Assume that S is a separated scheme of dimension 2, with finite quotient singularities. Let X
be an algebraic stack with a good moduli space X — X, and let s € S be a closed point of S. Assume that
there is a diagram as follows:

SN{s}—— X

|, ]

S——X.

Then there is an unique Sy Deligne-Mumford stack S with coarse space S — S that is an isomorphism on
S~ {s}, and such that there is an extension ¢ : S — X which is representable. Such an extension is unique,
the stack S has finite quotient singularities, and if S is smooth then S — S is an isomorphism.
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Proof. First recall that if S — S is a coarse moduli space morphism from a Deligne-Mumford stack S, then
S — S is separated. Indeed, from | , Theorem 4.12] étale locally it is of the form [Spec(A)/T] —
Spec(A") for a finite group I', and the latter is a separated morphism.

Since S has finite quotient singularities, from [ , Proposition 2.8] there is a smooth Deligne-Mumford
stack ) with coarse moduli space J — S that is an isomorphism on the smooth locus of S. There is a map
Y~ {s} — X, and to show that it extends to Y — X it suffices to show that it extends uniquely up to
passing to an étale neighbourhood of s € J). We choose an étale neighbourhood of s by pulling back an étale
neighbourhood of f(s) € X. From | , Proposition 2.10], there is a cartesian square as follows:

[Spec(A)/GL,] —— X

| |

f(s) € Spec(AGLn) —— X.

Now the desired extension Y — [Spec(A)/ GL,,] exists and is unique from | , Proposition 4.1], so from
descent there is a unique extension ) — X of Y \ {s} — X.

The morphism Y — X might not be representable, but we can take the relative coarse moduli space
Y —-8—= Xof Y — X. Then S has finite quotient singularities, as it is a relative coarse moduli space of a
smooth Deligne-Mumford stack, and has a representable morphism & — X.

We now show that S is unique, by contradiction. Let 7 — X be another representable extension, where
T is an Sz Deligne-Mumford stack with coarse space S and such that 7 ~ {s} ~ S ~\ {s}. Then by the
same argument as above (except replacing X with 7), there is a morphism J — T extending the section
S~ {s} =T ~{s}. AsY — S and T — S are coarse moduli spaces, Y — T is a relative coarse moduli
space from Lemma 2.2. Then 7 = S as they are both relative coarse moduli spaces of ) — X. The map ¢
is unique from Lemma 2.3. ]

Lemma 2.2. Let ¢ : X — Y be a morphism of separated Deligne-Mumford stacks with coarse moduli spaces
X and Y respectively, and such that the morphism X — Y is an isomorphism. Assume that X and ) are
So, and that ¢ is an isomorphism over an open dense V. C Y with complement of codimension at least two.
Then the natural map Oy — ¢.Ox is an isomorphism. In particular, ¢ is a relative coarse moduli space.

Proof. Observe first that X — X is proper: it is universally closed from | , Theorem A.8], of
finite type by our conventions, and separated as X is separated and ) has separated (in particular, proper)
diagonal. Since statement is local on ), we can replace ) with an étale cover of it U — V. Let Ay :=U xy X
and let Xy — Xy its coarse moduli space. Observe that X is S;. Indeed, it suffices to check it is such étale
locally. From | , Lemma 2.2.3] every point p € Xy admits an étale neighbourhood Spec(AY) — Xy
such that the following diagram is cartesian, with I" a finite group

[Spec(A)/T] —— &u

I ]

Spec(Al) —— Xy

Since X is Sa, also Ay and Spec(A) are Sz, so Spec(Al') and Xy will be Sy from | , Proposition 5.4].
Now, Xy — U is quasi-finite as X — ) is such, since X — Y is an isomorphism. The map Xy — U is
proper as X — Y is such, so it is finite, hence affine. But Ox, (Xy) and Oy (U) agree as both U and Xy
are Sy, the map Ay xy V. — U xy V is an isomorphism by assumption, and U xy V has complement of
codimension at least two. a
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Lemma 2.3. Let X be an algebraic stack with affine diagonal, let S be an So algebraic stack, and let
U C S an open subset with complement of codimension at least two. Assume we are given two morphisms
f,9:S — X which are isomorphic when restricted on U. Then the isomorphism extends uniquely to S.

Proof. Using descent, can assume that S = Spec(A) is an affine scheme. Consider S — X x X given by
(f,9), and let I := X X xx xS — S be the second projection. Sine the diagonal of X’ is affine, I — S is affine,
so I = Spec(B). There is an open U C S where f and g are isomorphic, and thus a map U — Spec(B)
inducing B — Og(U). As S is So, we have that Og(U) = Og(S) and as S is affine Og(S) = A, so we have
a map B — A. This induces the desired map S — I extending U — I. (]

Lemma 2.4. Let X — X a good moduli space, with X separated. Then the set S :={x € X : 7 *(z) = =
is an isomorphism} is open in X.

Proof. Indeed, first observe that the points in S are stable points in the sense of | |, and from | ,
Proposition 2.6] the set of stable points X*' in X is open. So up to replacing X with X** and X with
X xx X*t it suffices to check that the points where 7 is an isomorphism is open, with the additional
assumption that all the points on X are stable. Then, as the dimension of the automorphisms is constant for
stable points, in order for S to be non-empty the stack X has to be Deligne-Mumford: the dimension of the
automorphism group of every point has to be 0. Then X is also separated, as S-complete Deligne-Mumford
stacks are separated. The result for separated Deligne-Mumford stacks is | , Theorem 2.2.5 (2)]. O

Lemma 2.5. Let f : X — Y and g : Z — Y be morphisms of algebraic stacks, with F := X xy Z. Let
x € F such that Autz(x) = {1}. Then f is representable at m1(x), where my : F — X is the first projection.

Proof. This follows from the universal property of the fiber product, arguing as in | , Lemma 2.11]. O

Lemma 2.6. Let f : X — Y be a ©-reductive and S-complete morphism, with X quasicompact. Let p be a
point in X and x a closed k-point in the closure of p. If f is representable at x, then it is representable at p.

If X and Y admit a good moduli space, then f is automatically ©-reductive and S-complete. So to check
that a morphism of algebraic stacks with a good moduli space is representable, it suffices to check that it is
representable at the closed points of the domain.

Proof. Consider ¢ : Spec(A) — Y a smooth morphism such that the map z — X — Y lifts to 2 —
Spec(A) — Y. Let g: X' := X xy Spec(A) — X be the induced map. As x is closed, also g~!(z) is closed,;
pick 2’ € g71(x) a closed point. We have Auty:(2') = {1} since f was representable at z, so in particular if
2’ is in the closure of a point 2/, then 2z’ = 2’. This follows from the general fact that if Z is an algebraic
stack with a good moduli space, and ¢ € Z is in the closure of £ € Z, then dim(Autz(q)) > dim(Autz(§)).

Recall that, for stacks with affine diagonal, being ©-reductive or S-complete is stable under base change
[ , Remark 3.40 and before Proposition 3.17]. Then the stack X’ is ©-reductive and S-complete
over Spec(A), as f is such. So from | ] the stack X7 admits a good moduli space 7 : X' — X’
over Spec(A), and 7~ (w(2’)) — m(z’) is an isomorphism, as there is no other point whose closure is z’
and Autys(z') = {1}. From Lemma 2.4 there is a neighborhood V of 2’ of the form 7=1(U) where 7 is an
isomorphism. Since the closure of p contains x, there is a point p’ € V (so in particular Auty/(p) = {1})
such that ¢g(p’) = p. Then from Lemma 2.5 the map f is representable at p. O

Remark 2.7. It might be tempting to try to prove Lemma 2.6 by proving that the locus where f is
representable is open. This is false: the action of Gy, x o on A%, where G, acts with weights (1, —1) and o
swaps the two axis, has {(z,y) : 2y = 0}.{(0,0)} as locus with trivial stabilizers. So the locus in [A% /Gy, X 2]
where [A%/G,, x p2] — Spec(k) is representable is not open. Similarly, the stack X := [A2\.{(0,0)}/G, x p2]
is Deligne-Mumford, non-separated, and the locus where X — Spec(k) is representable is not open.
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Finally, we will need the following lemma.

Lemma 2.8. Let f: X = Y be a cohomologically affine morphism. Then w: X — X = Specy (f.Ox) is a
good moduli space.

Proof. Consider the canonical factorization X = X % Y. The functor g,: QCoh(X) — QCoh(Y) is an
equivalence of categories, because g is affine. We deduce that m, is exact. We conclude by observing that by
construction 7, Oy ~ Ox. O

2.2. Relative GIT. The goal of this subsection is to prove Proposition 2.16, which is the (cohomologically)
affine version of | , Proposition 3.18], and is used a few times throughout the paper. For doing so, we
begin by recalling the following definition.

Definition 2.9 (| , §11]). Let p : X — S be a morphism from an algebraic stack X to a scheme
S, and let £ be a line bundle on X. We define the L-semistable locus of X over S, denoted by X (L)%,
as the locus of points € X such that there exist U C S an open neighbourhood of p(z) and a section
s € HO(U,p.(L%™)) = H(p~1U, L®") for some n > 0 such that

(1) the section s does not vanish at z, and
(2) the induced morphism p~!(U)s — U is cohomologically affine.

Remark 2.10. As observed in | , Remark 3.16] and the paragraph that follows, the previous definition
can be extended to the case in which S is an algebraic stack, as being cohomologically affine commutes with
flat descent for morphisms of stacks with quasi-affine diagonal from | , Proposition 3.9.(vii)]. More
explicitly, for every flat morphism S’ — S, inducing g : X’ := X xg S’ — X we have that ¢~ (X (L)¥) =
X' (g L)%

Remark 2.11. Let p: X — S be a morphism from an algebraic stack X' to a scheme S, and let £ be a line
bundle on X. Then from | , Theorem 11.5] the stack X' (£)%’ admits a good moduli space over S.

Lemma 2.12. Let X = [Spec(A)/G] be an algebraic stack with good moduli space X = Spec(AY) and L a
line bundle on X. Then there exists an affine G X Gy,-scheme Spec(A’) over Spec(A) such that

(1) there is an isomorphism X ~ [Spec(A’)/G X Gy,|, and

(2) the line bundle L is isomorphic to k, for some character x: G X Gy, = G

Proof. Let Y — X be the Gp,-torsor determined by £. Then the cartesian product ) x x Spec(A) is (1) a
Gm-torsor over Spec(A) and (2) a G-torsor over ). From (1) we deduce that J x y Spec(A) is affine over
Spec(A4), hence isomorphic to Spec(A’) for some A-algebra A’; from (2) we deduce that Y = [Spec(A’)/G],
hence X = [Spec(A’)/G x Gy]. By construction, given the character x: G x Gy, — Gy, coming from the
second projection, we have that £ is the pull-back of kiq. ([l

Let © := [A!/G,,], with geometric points 1 and 0. Recall that given a stack X’ and a line bundle £ on X,
for any geometric point p in X and any morphism A: ® — X which maps 1 — p, we can define

,uﬁ(p, A) = —weight of ()\*C)\[O/Gm].
For X = [Spec(A4)/G] with G reductive, we have | , Proposition 6.9.1]

Hom(©,X) = {a: € Spec(A), \: Gy, — G such that there exists }5% A(t) JJ} .

Moreover, for a point z € Spec(A4) which is mapped to p, a character x : G = G, and A : G, — G a
cocharacter such that lim; o A(t) - p =y € Spec(A), we have

X (z,\) = 1 (p, f)
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where f(1) = p and f(0) = ¢ is the image of y via Spec(A) — X. As it is common, we will refer to both
these functions as Hilbert-Mumford functions.

Lemma 2.13. Let X be an algebraic stack with a good moduli space X ,a line bundle L and x € X a point.
Then the following conditions are equivalent:
(1) x € X(L)%, and
(2) for every morphism A: © — X sending 1 — p, the weight of NX*L on BGy, is non-positive.
Moreover, if X = [Spec(A)/G] and L =k, for a G-character x, the conditions above are equivalent to
the ezistence of f € A which is x-semi-invariant and which does not vanish on any point ¢ — Spec(A) —
[Spec(A)/G] isomorphic to p.

Proof. Since conditions (1) and (2) are étale local on X, from | , Theorem 4.12] we can assume that
X = [Spec(B)/T] and X = Spec(B"). By Lemma 2.12, we can assume that £ ~ k,, comes for a I'-character
x- Now, a point z is ky-semistable in [Spec(B)/T] if and only if the corresponding point p € Spec(B) is
x-semistable. The desired statement follows from the Hilbert-Mumford criterion for line bundles linearized
by characters on affine rings | , Proposition 2.5]. O

Recall that, given a reductive group G, we can always define a norm |- | on Hom(Gy,, G) which is invariant
under conjugation | , §2.2]. In what follows, when we talk of a normalized Hilbert-Mumford function on
a quotient stack [W/G] with G reductive, we are implicitly fixing a norm |- | on the lattice of cocharacters of
G. This defines an element H*(BG, Q), hence an element b € H*([W/G], Q) via pullback. Given f: © — X,
we set | f| to be f*b € H*(0,Q) ~ Q.

Remark 2.14. If A\: Gy, — G such that lim¢_,0 A(t) - p = ¢, the norm of the induced f: © — [W/G] which
maps 1 — p and 0 — ¢ coincides with the previously defined norm of A | , Example 4.1.17]. Moreover,
from | , Example 4.1.17], for each f: © — [W/G] there is a one parameter subgroup A: G, — G such

that lim 0 A(t)p = ¢ and ka\%f) = M&TA)'

Lemma 2.15. Let G be a reductive group and let X = [Spec(A)/G] be a quotient stack. Let x: G — Gy, be
a character. Then:

(1) given an unstable point p, there exists fmin: © — X such that
1 (p, fumin) (u““x (p, f)>
— " = inf [——~
|fmin| f()~p |f|

(2) if we denote by X the points p € X such that there is f : © — X such that (1) ~ p and f(0) # p,
the function

)

1w (p, f)

X°¢ - R, pl—>inf<
£

such that f: © — X, f(1) ~p and f(1) 2 f(()))
takes finitely many values

Proof. If G is a reductive group acting on an affine scheme Spec(A) and x: G — Gy, a character, for any
unstable point x there exists a cocharacter A,in : Gy, — G such that the normalized Hilbert-Mumford

function
pX(z, A)
Al
reaches its minimum value. Moreover, the set of minimal values that the normalized Hilbert-Mumford

function reaches over the set of points p € Spec(A) whose G-orbit is not closed is finite. These statements
follow from | , §2.2], especially the discussion after | , Lemma 2.13]; we sketch the salient steps.

(z,\) —



10 A. DI LORENZO AND G. INCHIOSTRO

First observe that from Remark 2.14 it suffices to consider morphisms ©® — X which come from one
parameter subgroups. If A : Gy, — G is a one parameter subgroup and g € GG, then

pX (2, N) X (gx,g-X-g7t)

Al lg-A-g7t

where we denoted by g -\ - g~! the one parameter subgroup G,, — G that sends t — gA(t)g~'. All one
parameter subgroups are contained in a maximal torus of G and all maximal tori are conjugated, so it suffices
to check the desired statement for one parameter subgroups contained in a fixed maximal torus of T of G.
We can T-equivariantly embed Spec(A4) in A", so it suffices to check the desired statement for a T-action
on A", which we can further assume to be diagonal as each T-representation of T is diagonalizable. In this
case, one can check the desired statement directly.

To conclude, observe that for any k,-unstable point p in X and any point x of Spec(A) mapping to p,
and any cocharacter \ inducing f: © — X, we have uX(z,\) = p(p, f) and |\| = |f]. O

Proposition 2.16. Fori = 1,2, let X; be an algebraic stack with the same good moduli space X. Suppose
that there is a morphism ™ : Xy — X1 inducing an isomorphism on good moduli spaces and such that the
natural map Ox, — m.Ox, is an isomorphism. Let L be a line bundle on Xy and let M be a line bundle on
Xo. Set Uy := X1(L)% and denote Uy — Uy its good moduli space. Let Uy := (w—l(ul))(M);‘;l.

Then, for m > 0, there is an equality Us = Xo(m*LE™ @ M)5. In other terms, the locus in Xa which
maps to Uy and is M-semistable over Uy, agrees with the n* L™ @ M-semistable locus of Xa over X.

Proposition 2.16 is the affine version of | , Proposition 3.18], with a similar proof. The only exception
is Step 2, which adapts some of the arguments in | , Proof of Theorem 2.1].

Proof. We will use several times the fact that the map 7 is cohomologically affine, since it induces an
isomorphism on good moduli spaces | , Proposition 3.13].

Step 1. We show that the desired statement follows from the case Xy = Xj.

First observe that & : m=1 (X1 (£)%) — X1(L£)5 — Uy is still a good moduli space as it is cohomologically
affine since it is a composition of cohomologically affine morphisms, and Oy, — &§Or-1( xi(c)y) Is an
isomorphism. It suffices to check that

(1) Xo(n" L)% =7 (A (L)R).
Indeed, if this is the case, and if we know that the desired statement holds in the case X = X, then
Us = (m7H(XU(L)R) M), = (Xa(T" L)) (M), = Xa((" L)%™ @ M)¥

where the first equality is the definition of Us, the second one is Equation (1) together with the fact that £
is still a good moduli space, the third one is the desired statement in the case X7 = Xs.

It suffices that we show the two inclusions in Equation (1) set theoretically, since both stacks are open
substacks of Xo. If 1 € X1(L)% then, if p : X1 — X is the good moduli space, there is W C X an open
subscheme and s € p,(L£®")(W) such that s does not vanish at z; and the locus p~ (W), C &} where s
does not vanish is cohomologically affine over W. Since X — &7 is cohomologically affine, also

pom) H(W)aws =7 (p~ (W)s)
is cohomologically affine over W, and 7*s is also a section of 7*£. Since 7*s does not vanish along 7= !(z1)
we have that 771 (z1) C Xo(1* L)%
For the other inclusion, let xo € Xa(n*L)%. Then there is W an open neighbourhood of p(7(x2)) and a

section 5 € p,m.m*L(W) such that (po )~} (W)z — W is cohomologically affine, and 5 does not vanish at
x9. Observe that, since 1.0y, = Oy,, we have that § = 7*s for a section s € p.L(W), and

pom) (W)s = (pom) ™ (W)es =7 (p7 (W),)
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where the first equality follows since s = 7*s and the second equality follows by definition of non-vanishing
locus. We need to show that p~1 (W), — W is cohomologically affine. So let F — G be a surjective morphism
of quasi-coherent sheaves on p~(W),, we need to show that p,F — p.G remains surjective. For doing so,
it suffices to check that the natural map

H— mmH

is an isomorphism for any quasi-coherent sheaf 7. Indeed, if this is the case then 7n*F — 7*G will be
surjective, which implies that p,m.m*F — p.m.m*G will be surjective since pom : (pon H)(W,) — W is
cohomologically affine, and it will agree with p,F — p.G.

Consider a smooth atlas Z — p~' (W), from an affine scheme Z. If we denote by Y := 71 (p™1(W)) X 1w,
Z, then the second projection p : Y — Z is a good moduli space. Indeed, it is cohomologically affine
since Xy — A is cohomologically affine and being cohomologically affine commutes with base change for a

quasi-affine morphism | , Proposition 3.10.(vi)]. The morphism Z — p~!(W), is quasi-affine (in fact,
affine) as Z is affine and p~! (W), has affine diagonal. Moreover 1.0y = Oz since m,.Ox, = Oy,. Then
[ , Proposition 4.5] applies. This finishes Step 1.

Therefore we can assume that X; = X5 and we will adopt the following notation:

e we will denote X} = &5 by X', with the good moduli space morphism p: X — X,
e we will not write m any more as m = Id when A} = A5.

Let Vy, := X(L®™ ® M)5. The proof is in three steps, but first we perform some reductions. To start,
observe that our claim is étale local on the good moduli space X, hence:

(1) we can assume that X = [Spec(A4)/G] from | I;

(2) we can assume that the line bundles £ (respectively M) come from a character 6 of G (a character
x of G) by applying Lemma 2.12 twice;

(3) semistability with respect to £ and M can be checked using the Hilbert-Mumford criterion by
Lemma, 2.13; the same conclusion holds for G,, := L&™ @ M;

(4) by Lemma 2.15, for N' = £, M, we can assume that for every A-unstable point g there exists Apin
which minimizes ¢V (¢, \)/|\|; furthermore, the set of such minimal values is finite.

Step 2. We prove that there is mg such that, for every m > my, if ¢ € X \ Uy, then ¢ ¢ V,,. For this, it is
enough to prove that there exists an mg such that, for every m > mg and ¢ ¢ Uy, there exists a \: © — X
which maps 1+ ¢ and A(0) 2 ¢ such that u9=(q, \) < 0.

The idea is to factor u9=(q, \) = uL®m®M(q, A) = mu(g,\) + p™ (g, \), pick a A which makes p*(gq, \)
negative, and pick m big enough to cancel the contribution of y* (g, \). In order to perform this strategy
uniformly on X \ U;, we use the normalized Hilbert-Mumford function.

For each point ¢ ¢ U; there is a morphism A: © — X such that A(1) = ¢ % A(0). Then the results from

Lemma 2.15 apply to points in X \ U; and the normalized Hilbert-Mumford function % So let
L MY M
d = max { inf ,u(q,)\)} , e=max<{ inf #7% =max<{ sup m )
agth (Ai1ma A agts | A 12g Al qEUL | X: 15q RY

Observe that with the reductions that we performed, we have d < 0 and e < oco.
Let mg > 0 be an integer such that mg - d+ e < 0. For every ¢ € Uy, let Apin: © — X be a morphism
which maps 1 +— ¢ and such that the normalized Hilbert-Mumford function in ¢ reaches its minimum. So

g com : M
12 (Q7 )‘min) 1% (Q7 )‘mm) 1% (q, )\)
= + <md+e<0
| Amin| [ Amin| Ry

for every m > myg. This shows that ¢ ¢ V,,,. From now on we assume m > mg, and we use V to denote V,,.
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Step 3. We show that if ¢ € Uy \ U then g ¢ V.

Indeed, as Uy — U; — U is cohomologically affine and the line bundle is a character of a group, we can
check if a point in U; lies in Us using the Hilbert-Mumford criterion. In particular, if ¢ € Uy ~ Us there is
a morphism )\ : © — U; sending 1 ~ ¢ such that u™(g,\) < 0. Since A\(©) C U, there is an invariant
section of £ not vanishing on A(©). As for A(0) to be in U; the point ¢ cannot be strictly stable, we have
(g, \) = 0. Now the desired statement follows by computing the Hilbert-Mumford function:

@m
p= M (g, N) = mp (g, mo N) 4+ Mg, A) = M (g, A) < 0.

Step 4. We prove that if a point g € Us, then it is also in V. This concludes the proof.

We need to produce a section of £L&™ ® M which does not vanish at ¢. Let p : X — X be the good moduli
space morphism. Since ¢ € Uy C U;, up to shrinking the base, there is a section s of p.L which does not
vanish at ¢. As U; = Proj(€p,, p«(£®™)), there is an open affine subset of the form Uj ; such that ¢ maps
to Uy,s. As Us is the relative stable locus for M = k,, and since X is a global quotient, from Lemma 2.13

there is f € H°(X,, M) such that f(g) # 0. From [ , §5.1.25|, which is stated for schemes but holds for
algebraic stacks as well, there is a section of L& @ M on the whole X lifting f ® s”. This section will not
vanish at ¢, as desired. O

The following lemma is the standard tool for passing from projective GIT to affine GIT.

Lemma 2.17. Let W be a quasiprojective scheme with an action of G, and L a G-linearized ample line
bundle. For d > 0, consider the character

X:G X Gy — G, (g,t) =t

This induces a G x Gy, -equivariant line bundle k,,, and up to replacing L with L®™ for m > 0,

[W(L)* /G C [Spec(@HA(L#)) (k)™ /G x Gu).

i>0
Moreover, if W is either affine or projective, the inclusion above is an isomorphism, and if W = Spec(A) is
affine we also have
[Spec(A)(L)**/G] = [Spec(@D H(L¥)) (k)™ /G X G,
i€Z

Proof. As the semistable locus of k, agrees with the one of k%k for every k > 1, we assume d = 1. Without
loss of generality, we can assume that L is generated in degree one and very ample, and also the ring
Ry = @nZOHO(VV, L®™)% is generated in degree one.

Let m: P, — W be the Gy,-torsor associated to the G-linearized line bundle L on W, so that there is a
G-action on P for which 7 is G-equivariant. Let k, be the Gy,-linearized line bundle on P, associated to
the character x. Then 7*L = k,, and we can regard the latter as a G x Gy,-linearized line bundle.

We claim that Pp(ky)® = 7~ 1(W(L)**), where the first semistable subset is taken with respect to the
G x Gpy-action, and the second semistable subset with respect to the G-action. This is equivalent to saying
that [W(L)*/G] ~ [Pr(ky)/G x Gy].

The claim follows from the equality 7*: HO(W, L)¢ ~ H°(Py,k,)%*%», which follows from the fact that
7 HO(W, L) ~ H(Pp,ky)®" is an isomorphism of G-representations.

The same argument applies to Proj(Ry) with the line bundle O(1), where

Ry = @nono(VV, L®n)

In this particular case the Gy,-torsor over Proj(Ry,) is isomorphic to Spec(Ryz)~{0}. From | , Tag 01PZ]
and | , Tag 01Q1], the induced morphism ¢ : W — Proj(Ry) is an open embedding with ¢*O(1) ~ L


https://stacks.math.columbia.edu/tag/01PZ
https://stacks.math.columbia.edu/tag/01PZ
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and we have a cartesian diagram

P~ Spec(Rr) ~ {0}

iy I
W ———— Proj(Ryp)
with p*O(1) ~ k,. By cartesianity, also j is an open embedding.
We claim that any point « in P (k,)*® is also k,-semistable in Spec(Rr). For this, we have to study the
restriction homomorphism

j*: HO(SpeC(RL),kX)GXGm N HO(PLykx)GXGm-

Observe that
H°(Spec(RL),0) =~ Ry, = @,>oH (W, L®"),

hence the composition
HO(W, L) — H°(Spec(Ry) ~ {0},k,)&*C%n 255 HO(Pp Kk, )&*Cn ~ HO(W, L)C

is necessarily surjective. From this it follows that if there is a G' x Gy,-invariant section of k, over P, which
does not vanish in z, then there is also a G,, x G-invariant section of k, over Spec(Rr) ~ {0} which does
not vanish over x. This proves that
[W(L)*/G) = [Pr(ky)* /G x Gu] "5 [Spec(Rp)(ly)** /G x G,

as the origin is never semistable for this linearization.

If W is projective, the open embedding ¢ is an isomorphism, which implies that P ~ Spec(Ry) ~ {0},
hence

[W(L)**/G] ~ [Spec(Rr)(ky)** /G x Gp].

If W is affine, we have that also Py, is affine, hence P ~ Spec(Op, (Pr)). By definition Py, is the relative
spectrum of the Oy -algebra ®,czL®", hence

HO(Pr,,Op,) = H'(W, ®nezLl®") = @nerH(W, L),
from which we deduce [Py, (ky)**/G] ~ [Spec(®nezHO (W, LE™)(ky)**) /G X Gy). O

2.3. Luna slice. For the convenience of the reader, we briefly recall some classical results on GIT, which
are well-known. Let X be a scheme of finite type with an action of a reductive group G, and let U C X be
the semistable locus with respect to a G-equivariant line bundle £ on X. If x € U is a closed point with
stabilizer G, we have a cartesian diagram

[Spec(4)/Ga] —— [U/G]

| |

Spec(A%) —* = U/ G,

where « is an étale neighborhood of the image of z in the good moduli space | , Corollary 6.7.3].

If 2 is a smooth point with tangent space T, there is an action of G, on T,. Assume that the orbit
of x is closed: then from Matsushima’s Theorem the group G, is reductive, so we can decompose the
G ;-representation

T, =T,(G-z)® N,
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where T, (G - ) is the tangent space at x of the orbit Gz of z, and N, is G -invariant. Then it easily
follows from | , Theorem 6.7.5, "Luna’s Etale Slice Theorem"| applied to [Spec(A)/G.] that we have a
cartesian diagram

[Nx/Gz] — [SpeC(A)/Ga:]

J |

N, /Gy 2 Spec(AC+),
where § is an étale neighborhood of 0 € N,
Definition 2.18. With the notations above, we define [N, /G,] to be a Luna slice for [U/G] at z.

In other terms, the map [N,/G,] — N,/G, gives a local description of 7 : [U/G] — U//.G in a
neighbourhood of ().

3. STABLE QUASIMAPS

The goal of this section is to extend the existing theory of orbifold quasimaps to algebraic stacks X with
a projective good moduli space, and containing a proper Deligne-Mumford stack Xpy € X. This section is
organized as follows.

In §3.1 we extend the definition of stable quasimap € — X, given in [ |, to arbitrary stacks X
with a projective good moduli space, and containing a proper Deligne-Mumford stack. Our definition of
stable quasimap is the combination of the definition of quasimap given in | | with the definition of
twisted map of | |. We show that the moduli stack of stable quasimaps Qg » (X, Xpm) is locally of finite
type.

In §3.2 we show that Qg ,, (X, Xpm) satisfies the valuative criterion for properness.

In §3.3 we show that if one fixes the class of a quasimap, defined as in [ |, the locus of quasimaps

of fixed class f in Qg » (X, Apm) is bounded. For this section, we need the additional Assumption 3.13,
namely that X is a global quotient and that Xpy is the semistable locus of a line bundle on X (observe
however that the last condition is automatic for X which has mild singularities, see Remark 3.14).

In §3.4 we show that Qg ,, (X, Xpwm, ) carries a perfect obstruction theory for Xpy smooth and X lci.

3.1. Quasimaps and stable quasimaps. Throughout this subsection we will adopt the following

Notation 3.1. We will denote by X an algebraic stack with a quasi-projective good moduli space X — X.
Further, we will assume that X contains an open dense substack Xpy € X such that Xpy — X is proper
and Deligne-Mumford, with coarse moduli space Xpy — Xpy which is projective over X. We will denote
by Lx an ample line bundle on X and Lx,, an ample line bundle on Xpy;.

The following definition already appeared [ |, albeit only for quotient stacks X = [W/G] with W
affine.

Definition 3.2. An n-marked quasimap of genus g over S is (¢ : € — X, ¥4,...,%,) such that
(1) the 3; C € — S are n distinct gerbes over S for i = 1,...,n, and (€ — S,%4,...,%,) is a twisted,
n-marked curve of genus g as in | |;
(2) the morphism ¢ : € — X is representable and maps the generic points, the marked gerbes and the
nodal gerbes of C to Xpy.

If S = Spec(k), we will just say an n-marked quasimap of genus g.

We will denote the coarse moduli space of a twisted curve € by C, and the image of the >; in C by p;.
The following definition is the intersection of | , Definition 2.2] and Definition 3.2:
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Definition 3.3. Let (¢ : € — X,Xq,...,%,) be n-marked quasimap of genus g, over Spec(f), with ¢ an
algebraically closed field extension of Spec(k). It is stable if:

the line bundle we (> pi) ® is nef, where f : C' — X is the morphism induced by ¢ on goo
1) the line bundl *L?f' f, wh C — X is th hism induced b d
moduli spaces, and
1 C € 1s an 1rreducible component with coarse space such that w¢e i) ® as degree
(2) if D C i irreducibl p ith pace D such th (X pi) ® f*LS? has deg
zero on D, then D =2 P!, and for every d € Z~o the map D — X does not factor as D — Bug — X.

Remark 3.4. Observe that being stable is preserved by taking marked subcurves. More precisely, let
(¢p:C— X,3q,...,%,) be an n-marked quasimap, and let D C € be the closed substack given by the union
of some irreducible components of €, attached along the nodes nq,...,n; € D which could be gerbes. If ¢
is stable, then (¢|p : D — X, (X1)|»,- .-, (Zn)|D,n1,-..,nk) is also stable.

If ¥ = [Spec(A)/G] as in | ) | and g # 1, this recovers the usual definition of orbifold
stable quasimap.

Lemma 3.5. Let (¢ : C — X,¥q,...,5,) be a quasimap of genus g # 1, satisfying condition (1) in
Definition 3.3. The following conditions are equivalent:
(1) ¢ is stable,
(2) for every irreducible component D C @, with coarse space D, such that we (> pi) ® f*L?}S has degree
zero on D, either ¢(D) ¢ Xpwm, or Lx,,, is ample when pulled back to D.

Moreover, assume that X = [X/G] is a quotient stack and there is L a line bundle on [X/G] such that
[X(£)**/G] = Xpm. If we denote by L the line bundle on C' obtained by descending a high enough power of
¢*L, condition (2) is equivalent to wc (Y. p;) ® f*LY> @ L€ being ample for 0 < e < 1.

In particular, for the moreover part, if X = Spec(A) is affine, then Ly is trivial as X /G = Spec(A%)
is affine so € — Spec(A®) factors as € — Spec(k) — Spec(A¥). Then condition (2) is equivalent to the
stability conditions given in | , |

Proof. First we prove that (1) and (2) are equivalent. Let D C € be as in (2), with attaching nodes nq, no
which, as usual, could be gerbes, and let’s first assume that ¢(D) C Xpy. Then, from | , Proposition
2.6] the map (¢|n — X,ny,ns2) is stable if and only if it is a twisted stable map in the sense of | ], if
and only if Lx,,, is ample on D.

We are left to show that if ¢(D) ¢ Xpwm, then there cannot be a factorization D — Bug — X. f D — X
factored as D — Bug — X, then for each pair of k-points p1,pe — D, the compositions ¢(p1) and ¢(p2)
would be isomorphic, as they are isomorphic in Bug. Since ¢ is a quasimap, the set of k points of D which
map to Xpy is not empty, so all the points would map to Apy, which contradicts ¢(D) ¢ Apwm.

We now prove the moreover part, first assuming (2). It suffices to prove that if D and D are is as in
(2), then L has positive degree on D. By hypothesis, ¢(D) N [X(£)*/G] is non-empty. By definition of
semistability there is a section s of £ whose pullback to D is not the zero section. This implies that ¢*L|p
has at least a non-zero global section s. If ¢(D) ¢ Apw, then by definition of semistability s must vanish in
at least one point, so ¢*L has a section which is not zero and not constant, so deg(¢*L|p) > 0. If instead
¢(D) C Xpwm, since Lx,,, is ample on D, the map D — Xpy is finite, so again L has positive degree on D.

The other direction is similar. Indeed, if we (> p;)® f*LS? ® L€ is ample for 0 < € < 1, then we (Y py) ©
f*L?}‘D’ is nef, and if D is a component on which we(>_p;) ® f*L?}‘3 has degree 0, then D = P! since g # 1.
Moreover, the line bundle L has positive degree on D, and L] x,,, descends to an ample line bundle on Xpy.
So either ¢(D) ¢ Xpw, or if ¢(D) C Apwm, then f(D) cannot be a point. So Ly, is ample on D. O

Assumption 3.6. From now on, we assume that X, the good moduli space of X, is a projective variety.
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Definition 3.7. We define the category Qg (X, Xpm) of stable quasimaps to X with respect to Xpm, as
the following category fibred in groupoids over the big étale site of schemes over k:

(1) for any scheme S, the objects of Qg ,,(X, Xpm)(S) are the n-marked quasimaps to X" of genus g over
S whose geometric fibers are stable, and
(2) the morphisms (¢: C — X,X) — (¢': ¢’ = X, %) over S consist of an isomorphism a: € ~ €’ such
that a~1(X!) = %, and an isomorphism v: ¢’ 0 a =~ ¢.
The category Qg ,, (X, Xpm) of quasimaps to & is defined in the same way but without requiring the geometric
fibres to be stable.

Proposition 3.8. The stack Qg,(X, Xpm) is an open substack of the Hom-stack
Homgyw (€, X x DY)

constructed in | |, where imgwn is the moduli stack of twisted curves of genus g with n marked point as

constructed in | |. In particular, Q4 (X, Xpm) is locally of finite type.

Proof. The proof is analogous to the one in | |, we sketch it here for the convenience of the reader.
Consider H := Homgpew (€, X x DJTLfy‘an), the Hom-stack constructed in | |,where € — zmgwn is the uni-

versal curve. First we show that the conditions for being a quasimap are representable by open embeddings.
Consider then U — H an atlas which is a union of affine schemes. The morphism & — H gives a family of
twisted curves 7 : € — U, with a morphism ¢ : € — X, and it suffices to check that the points in & where ¢
is a quasimap is open.

The condition that ¢ is representable is open from | , Corollary 1.6]. Moreover, ¢~1(X \ Xpn)
is a closed subset of C, so from the upper-semicontinuity of the dimension of the fibers, the locus where
¢~ (X \ Xpm) is either empty or has dimension 0 on C is open. Similarly, the locus in & where the closed
A = ¢ H X\ Apm) N (CeUJY;) is empty is again open. Indeed, A is closed in € as intersection of closed
is closed, and since 7 : C — U is proper, also w(A), so U ~ w(A) is open as desired. |

Proposition 3.9. The inclusion Qg’n(X,XDM) — Qg}n(X,XDM) 15 an open embedding. In particular,
Qyn (X, Xpwm) is algebraic and locally of finite type over M.
Proof. As Qg (X, Xpm) — MY, is locally of finite presentation over 9%, and MY, is locally of finite
type over Spec(k), also Qg »(X, Xpm) is locally of finite type. In particular, there is a smooth cover U —
Qg0 (X, Xpum) with U a disjoint union of affine schemes of finite type over Spec(k), with the two universal
maps m:C —U and ¢ : C — X. Let f: C — X be the morphism induced by ¢ on good moduli spaces.
From | , Tag 0903], to check that being stable is an open condition, it suffices to check that the line
bundle wy(p1 + ... + pn) ® L®3 being nef and condition (2) in Lemma 3.5 satisfy these two conditions:

(Const) they hold for the generic point &y of a closed irreducible subscheme W C U if and only if they hold
for an open and dense subset of W, and
(Gen) they are stable under generalization.

It is now standard to show that being a quasimap satisfies (Const): the topological type of C — U is con-
structible, so it suffices to check that stability is constructible for families of curves with constant topological
type, which is standard. So now we check (Gen): we can assume that & = Spec(R) is the spectrum of a
DVR with generic point 7, and we need to prove that if the special fiber is stable, the generic one is stable.
Observe that for doing so, we can replace Spec(R) with a cover of it, possibly ramified.

To show that w,(p1 + ...+ pn) @ L3 is nef on the generic fiber, we can normalize C to get C™ — C and
work one connected component of C™ at the time. So in particular, we can assume that C,, is smooth, where
7 is the generic point of «. Now from Riemann-Roch for nodal curves, and since the Euler characteristic of


https://stacks.math.columbia.edu/tag/0903

STABLE MAPS TO QUOTIENT STACKS WITH A PROPERLY STABLE POINT 17

a line bundle is constant on flat and proper families, the degree of w,(p1 + ...+ p,) ® L®? is constant. As
on the special fiber is is non-negative, on the generic one will be non-negative as well.

Assume then by contradiction that there is D,, C C,, an irreducible component of the generic fiber, such
that ¢(D,) C Xpwm, but fBM,nLXDM is not ample, where fpum,, @ Dy = Xpwu is the morphism induced by ¢
on coarse moduli spaces. Consider then D the closure of D,, in C, and D its coarse moduli space. Then, up
to possibly replacing Spec(R) with a cover of it, the morphism D — Spec(R) is a family of rational curves,
where the generic fiber is isomorphic to P!, and the special fiber is a chain of rational curves. Moreover, D,
has two closed substacks ny ,,n2, — D, which are gerbes over 7, correspondings to the two nodes to which
D, is attached. Similarly, the morphism f : D — X — X maps each fiber of D — Spec(R) to a point. In
other terms, the curves in D are contracted via f.

First observe that ¢(D) cannot be contained in Xpy, otherwise proceeding as before we would have that
fBMmL Xpy Nas positive degree on the generic fiber, as it would have positive degree on the special one.
Then, since ¢ is a quasimap, the locus ¢ (X \ Apm) is a disjoint union of closed smooth points on the
special fiber. Pick then D, an irreducible component of the special fiber, with coarse moduli space D,,, and
let € D, be a point on it which does not map to Apy.

Step 1. We reduce to the case when the special fiber of D — Spec(R) is a single rational curve.

Consider A the surface obtained by contracting all the irreducible components of the special fiber of D,
with the exception of D,. Then A is a family of P's, so it is smooth as each fiber is smooth. Recall that
we had two closed substacks n;, C D, which are gerbes, so D,, —+ D, is the root-stack along the two nodal
points of C;, on D, with indices d; and dy respectively. Let n; , be the coarse moduli space of of n;,, and
let n; be its closure in A. From how A is constructed, one can check that n; and my are smooth and don’t
intersect. Let finally A be the root-stack of A along n; and ny with indices d; and dy respectively, and let
n; be the closure of n; ,. We summarize the notations:

(1) A is a family of Ps, and is the coarse moduli space of A.

(2) A is obtained from A by taking root stacks along 7n;, in a way such that A, agrees with the original
Dy,

(3) mi = n; xx Ais the closure in A of the nodes on of C,, that lie on D,,.

In particular:

(1) A — Spec(R) is a family of smooth twisted curves, with the generic fiber that has a map to
a: A, — Xpu that factors via A, — Bug — Xpwm,

(2) as A and A agree away from n;, there is a map « : A~ (7 ,Ufig ) — X, where 7i; , is the intersection
of n; with the special fiber, and which extends a,,

(3) the codimension one locus of A maps to Xpy via «, but there is a closed point x of A that does not
map to Apn, and

(4) the composition A N\ (1 UNap) -+ X — X extends to A — X, and contracts each fiber of
A — Spec(R).

Then from Lemma 2.1, the map « extends to a morphism A — X. We still denote such an extension by a.
Step 2. The morphism a|ae : A° — Xpy defined on the codimension one locus A° C A that maps to
Xpum extends to o’ : A = Xpy.
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Indeed, the morphism on the generic fiber A, = Xpm — Xpm, by assumption, factors via n — Xpwm as
follows, up to potentially taking an extension of Spec(R):

ATI — Xpm —— Xpwm

| —

Ui
As by assumption Xpy is proper, there is an extension n — Xpy to Spec(R) — Xpu giving a map
a' @ A — Spec(R) = Xpwm-

Since Xpy is separated and A is smooth, the two maps a|a. and & agree on codimension one, so up to
shrinking A° we can assume that they agree. In other terms, we can extend A° — Xpy — Xpum to a
morphism &’ : A — Xpym. Then from Lemma 2.1, the map o’ extends to a morphism A — Xpy. Moreover
a and o' agree in codimension one.

Contradiction. From Lemma 2.3, the two maps o and o’ agree. However there was a point z € A such
that a(x) € Xpm, which is the desired contradiction. O

3.2. Valuative criterion for properness. In this subsection we will prove that Q,, (X, Xpwm) satisfies
the valuative criterion for properness. Our strategy follows closely [ , §2.4.4].

Theorem 3.10. We will adopt Notation 3.1, moreover let R be a DVR, let n) be the generic point of Spec(R)
and p the closed one. Let (¢, : C) — X;E4,...,5,) be an n-marked stable quasimap to (Xpwm, X), over
1. Then, up to replacing Spec(R) with a possibly ramified cover of it, there is a unique n-marked stable
quasimap to (Xpw, X) over Spec(R) extending (¢n, : € — X;p1,...,Pn)-

Proof. Our argument follows | , 2.4.4], we report the salient steps.

Step 1. Let g1, ..., g be the points of C,, which do not map to Xpy. Then there is a root-stack C,, — C,,
supported at the points q1, ..., ¢ such that the rational map ¢n|en\{q1,...qr} extends to v, : C;, — Apm. This
follows for example from | | or | , Lemma 2.5]. We denote by =Z; the gerbe over the point g;.
Then (¢, : C; = Xpm, 21, .-+, X0, 21, ..., Z¢) Is & pointed twisted stable map as in | |

Step 2. Since the moduli space of twisted stable maps constructed in | | is proper, up to replacing R
with a possibly ramified cover of it, there is a twisted stable map (Vg : Cr — XDM, 21, -« > Sny 21y - -+ )
extending the twisted stable map of the previous point.

Step 3. Let Cr — C%; be the coarse moduli space. Since the coarse moduli space of Xpym maps to the
good moduli space X of X, there is a morphism C, — X. Let then Ay,...,A,, be the rational tails on
the central fiber of C; — Spec(R) which are contracted by Cj, — X and which have no markings among
P1s- - - Pp, Where P, is the coarse moduli space of ;. Observe that A; U...UA,, do not contain the whole
central fiber. Indeed, if that was the case, the central fiber of C% would map to a point on X, it would
intersect no marking p,;, and would be a chain of P's. But then also the generic fiber would map to a point,
have no markings and be a chain of P's, which is impossible since €,, — X is stable. Therefore let Cg be
the curve obtained from C}, by contracting Ay, ..., A,,. So to summarize:

(i) Cr — C} is the coarse moduli space,
(ii) Cp — Cg is the contraction of the rational tails on the central fiber, which do not intersect the
sections p; and which map to a point on X, and
(iii) there is a morphism Cr — X.

Consider then the twisted curve Cr — Spec(R) constructed as follows:
(1) it has CR as coarse moduli space,
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(2) is isomorphic to Cr away from &;,...€,, where &, is the coarse moduli space of Z;, and from the
locus where Cr — C'g is not quasi-finite, and
(3) it is isomorphic to Cr elsewhere.

In particular, the generic fiber of Cg — Spec(R) is isomorphic to €, it has the same twisted nodes as Cg,
there is a morphism Cr — Cg which is an isomorphism away from both {g,}; and the locus where Cp — Cg
is not quasi-finite. We summarize the situation in the following diagram, where the vertical maps are coarse
moduli spaces, both Cr and Cg are twisted curves, and the map « contracts some rational tails:

634)63

|

Cr— Oy

Step 4. We have a rational morphism Cr --+ X which on the generic fiber is given by f,, and on the
locus where Cp — Cg is an isomorphism it is given by 1 g. In particular, the indeterminacy locus of Cp — X
consists of finitely many smooth points on the central fiber of Cg. Then we can extend it using Lemma 2.1.

Step 5. We prove that the resulting map (Cr — X,X1,...,%,) is stable. It is stable along the generic
fiber, so it suffices to prove that it is stable along the central fiber. We denote by Cj be the central fiber of
Cr — Spec(R), with the two maps fy : Co — X and ¢y : Cy — Xpm;, and by py ; the one of p; for every i.

Since to construct Cr we contracted all the rational tails with no markings and which map to a point
in X, we have that we,(Pg 1,---,Don) ® fGL®? is nef. So let’s assume that D C Cp is an irreducible
component such that we, (Pg 1, ---,Po.,) ® fG L has degree 0 over it. Then it is either an elliptic curve
mapping to a point and with no markings, or a curve isomorphic to P! with two markings. If it does not
map to Apw, then it is stable by definition of stability. If it does map to Apy, then by construction of C
it is isomorphic to an irreducible component of the special fiber of C, which does not intersect Z,;. Since
(C, DT Y= R ,Er) — Xpwm is stable, Lx,,, is ample when pulled back to D.

Step 6. We now focus on the uniqueness part of the valuative criterion for properness. First we prove
that if there are two extensions ¢ : € — X and ¢’ : ¢’ — X such that ¢ and ¢’ are quasimaps, a priori not
stable, but with € and €’ having isomorphic coarse moduli spaces, then € = €’ and ¢ = ¢'.

Let U be the locus on Cr where €z = €;. The U contains the generic fiber and the codimension one locus
of the special fiber. The maps ¢|y, ¢|; : U — X agree in codimension one, as their codimension one points
either in €, or on the locus where ¢|y and ¢'|y map to Xpn. For points in €, we have that ¢le, = ¢’|e/n
by assumption. Instead, each point { of codimension one not in €, maps to Apm, and O¢, ¢ is a DVR,
with generic point contained in C,. So two extensions of ¢, to { must agree from the valuative criterion for
separatedness applied to Xpy.

We can now use Lemma 2.3 to argue that ¢|y = ¢'|y. Moreover, from the uniqueness in Lemma 2.1,
the twisted curves Cr and €, agree on the locus where Cr and C% have local quotient singularities on the
special fiber and ¢ = ¢’ on this locus. Observe that this locus consists of the complement of the nodes of the
special fiber which do not smooth. But then Cr = C/; as they are twisted curves, and the two maps ¢ = ¢’
from | , Lemma 2.4.1], as by assumption ¢ and ¢’ are quasimaps, so map the nodal locus in Xpy.

Step 7. Let ¢ : Cg — X and ¢’ : € — X two extensions, with coarse moduli spaces Cr and C%
respectlvely We show that, if CR is a minimal resolution of the rational map Cr --» C; with two maps

a: C’R — Cr and o CR — C}, then up to replacmg Spec(R) with a possibly ramified cover of it, there is
a twisted curve C r with coarse moduli space CR, and two maps « : e r — Cg and o . C r — G/, restricting
to a and a’. _ B

It suffices to lift Cr — Cr x CR to Cr — Cg x €. Observing that Cr x € — Cr x C% is the coarse
moduli space map, we proceed as in | . We can lift a x a’ to a x &/ in codimension one, up to performing
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a ramified cover of Spec(R), using Abihankar’s lemma and descent as in | , Proposition 6.0.4, Step 2.
We can also lift a to get o away from the nodes of the special fiber of C r which smooth. As those are locally
finite quotient singularities, can finally use Lemma 2.1 to obtain o X o’. One can check that the resulting
Cr — Spec(R) is a family of twisted curves.

Step 8. End of the argument.

We now have two maps ER 2% Cr i> X and ER a—,> Ch i> X. As each component of 6’R which is
contracted with either a or ¢’ maps to a node, and since ¢ and ¢’ are quasimaps, both ¢ o a and ¢’ o o’ are
quasimaps. So from Step 6 they agree. Assume by contradiction that there is € C € r which is contracted
via o but not via a. Then by the stability condition (2) in Lemma 3.5, there are two points p,q € & such
that ¢(a(p)) and ¢(a(q)) are not isomorphic. But o/(p) and o/(g) are isomorphic instead, as they map to a
node in €. So ¢'(a/(p)) = ¢'(¢/(q)), which is the desired contradiction.

It is straightforward to check that 3; extend uniquely once Cp is fixed. |

3.3. Boundedness. We now add some numeric invariants to stable quasimaps, to prove that if one fixes
those the resulting moduli space is bounded. We begin by generalizing the definition of class of a quasimap
to our setting:

Definition 3.11. Given a quasimap (¢: € — X,¥;,...,%,) over a geometric point, the class of the
quasimap is the homomorphism

?+[C]: Pic(X) — Q, L+ deg(¢*L).

In the definition above, the degree of a line bundle M on a twisted curve € is computed as follows: pick

e such that M®¢ = 7* N, where m : € — C is the coarse moduli space. Then deg(M) = deg(N)

€

Remark 3.12. Given a morphism g : X — Y, we can define g.(¢.[C]) as the homomorphism L +—
©+[C](¢g*L). This pushforward is functorial with respect to composition of morphisms, and if p: € — C' is
the coarse moduli space, we have p,(id.[C]) = id.[C].

Throughout the remaining part of this section, we will make the following additional

Assumption 3.13. We assume that:

(1) there exists a line bundle £ on X such that Xpy = X(L£)%, where the latter denotes the relative
L-semistable locus of X' over the good moduli space X. In particular, there exists m > 0 such that
L|§m

~ *
XDI\I =7 LXDM7

where 7: Xpym — Xpw is the coarse moduli space morphism,
(2) the stack X is a global quotient stack, i.e. X = [W/G], with G reductive.

Remark 3.14. Condition (1) is automatically satisfied if X is smooth by | , Theorem 11.14.], and the
same proof goes through if X = [W/G] and W is Q-factorial.

Definition 3.15. We define Qg ,,(X, Xpm, () as the locus in Q, (X, Xpm) parametrizing stabe quasimaps
with class 5.

Remark 3.16. Observe that Q, (X, Xpm, 8) are open and close in Q4 ,,(X, Xpm).
The main goal of this subsection is to prove the following.

Theorem 3.17. Given X an algebraic stack satisfying Assumption 8.183, the algebraic stack Qg (X, XpMm, B)
is of finite type.

We begin with the following
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Lemma 3.18. Let (¢: C— X,¥q,...,%,) be a stable quasimap of class B. Then the topological type of C,
the number of stacky points of C and the automorphism groups of the stacky points are bounded.

In this argument we will use (1) of Assumption 3.13. The proof is a mild adaptation of | , Corollary
3.1.5).

Proof. Assuming that the topological type of C is bounded, the number of stacky points is then also bounded,
because non-trivial stacky structures are only allowed at the nodes and at the markings. The automorphism
groups must be cyclic groups, so we only need to bound the orders. As ¢ is representable and the stacky
points are mapped to Xpy (which is quasicompact), we deduce that the orders are bounded.

To bound the topological type, let C' — C* be the contraction induced by the nef line bundle we (3 p;) ®
f*L_‘?}?’. The topological type of C*! is bounded, because if it is not a point then f5*: C** — X is Kontsevich-
stable of class 7.(8), where 7: X — X is the good moduli space homomorphism.

We are left with bounding the topological type of the exceptional locus of the contraction, which includes
the case in which C*¢ is a point. As genus one smooth curves are bounded, we only need to show that the
number of rational curves which are contracted by C' — C*! is also bounded.

For this, it is enough to observe that, from the moreover part of Lemma 3.5, for every such component D
we have deg(¢*L|p) > 0. The desired conclusion follows as ), deg(¢*L|p) < B(L). O

3.3.1. Boundedness of quasimaps C — X from a fived curve. To bound the moduli space of quasimaps with
a given class 3, we need to bound the stack of quasimaps from a fixed curve C to X. For doing so, we plan
to use the following.

Theorem 3.19 (| , Theorem 3.2.5]). Let € Hom(x(G),Z) and a smooth projective curve C be
fized. Let V be a vector space with an action of G via a representation G — GL(V') with finite kernel and let
X € X(G) be a character such that V*(G, x) # 0. Then the family of principal G-bundles P on C of degree
B such that the vector bundle P xg V admits a section u which sends the generic point of C to V*(G,x) is
bounded.

For this, we will prove the following.

Theorem 3.20. Assuming Assumption 3.13, there is a group G', a character x : G’ — Gy, and an action
on A", such that there is a locally closed embedding v : X — [A™/G'] satisfying .~ ([A"(ky)**/G']) = Xpm.

We begin with the following lemma, which will allow to pass from relative GIT for a line bundle, to
relative GIT for a character, which is better behaved, as we can use the affine Hilbert-Mumford criterion,
see Lemma 2.13.

Lemma 3.21. Let X = [W/G] be a quotient stack by a reductive group G, admitting a good moduli space
X — X and let L be a line bundle on X. Let x : G x Gy, — Gy, the character (g,t) v~ t=1. Then there is a
scheme C' with an action of G X Gy, such that

o there is an isomorphism [C(ky )% /G x Gn] = X (L)%,

o there is an isomorphism [C/G x G| = X, and

o the inclusion C(k, )% C C induces X(L)¥ — X.

In particular, for every Zariski cover Spec(A) — X,
C(ky)¥ xx Spec(A) = (C xx Spec(A))(ky ).

Proof. With the same notation of the proof of Lemma 2.17, we can pick C' = P, the Gy,-torsor associated
to the line bundle £, so that [C/G x Gy,] ~ X.

For every Zariski open cover Spec(A) — X, we have that W x x Spec(A) is affine, because 7 : W — X
is affine as W — [W/G] is a G-torsor and [W/G] — X is cohomologically affine. In particular, this implies
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that the pullback of £ to W x x Spec(A) is ample from | , Tag 0890] and the fact that, over an affine
scheme, each coherent module is globally generated.

Furthermore, we can assume that X'(£)% x x Spec(A) is isomorphic to [(W x x Spec(A))(L)**/G], where
L denotes the G-equivariant line bundle on W x x Spec(A) which descends to the pullback of £: indeed, by
definition of relative semistable locus, for every point p € X' (L)% X x Spec(A), up to shrinking the base we
can always assume that there exists a section of the pullback of £ that does not vanish on p.

By Lemma 2.17 we get that [(W x x Spec(A))(L)**/G] is isomorphic to [(C X x Spec(A))(ky)**/G X Gy).
On the other hand, by definition, the latter is equal to [C'(k,)% X x Spec(A4)/G x Gy,] as desired. O

Lemma 3.22. Let X = [W/G] be a quotient stack by a reductive group G, admitting a projective good moduli
space X — X and let x : G — Gy, be a character. Then there are G X Gy, -equivariant schemes Spec(A) and
V together with a G X Gy, -equivariant open embedding V' C Spec(A) and a character p : G x Gy, — Gy, such
that:

o there is an isomorphism [Spec(A)(k,)** /G x Gn] = X (ky)%,

o there is an isomorphism [V/G x Gy] =2 X, and

o there is an inclusion Spec(A4)(k,)** C V inducing X (k,)¥ — X.

Proof. From | , Lemma 6.1], there is a G-equivariant compactification W C W, with W a projective
variety with ample G-linearization L, and such that W = W (L)**. We can now apply Proposition 2.16 with
Xy = Xy = [Spec(@, > H' (W, LZ")) /G x Gyy), the linearization of Proposition 2.16 denoted by L is given
by 0 : G X G — G, (g,t) — t~! and the other linearlization in Proposition 2.16 is . Up to replacing
L with a higher power of it, there is an inclusion W C X; and from Lemma 2.17, up to replacing L with a
higher power, the linearization £ has W as semistable locus over Spec(k). Observe that, if we denote by X;
the good moduli space of X7, then X; — Spec(k) is finite: indeed, we have X; = Spec(H*(W, Oy7)9), and
the latter is a finite dimensional vector space as W is projective. Then by definition of relative semistable
locus, X;(G)¥ = Xi(G)§}ec(r) for every i and for every line bundle G on X;.

So from Proposition 2.16 the semistable locus of X2 over X3 (hence also over Spec(k)) for the line bundle
L™ @k, is X(ky)%. In other terms,

X (k)% = [Spec(@H (W, L¥"))/G x Gu (kg © ky)*.

We can take [V/G x G| = [Spec(ED,,> HY (W, L2™)) /G x Gy|(ke)** = [W/G] and p = k' @ k,, and so
[Spec(@ HO (W, L)) /G x Gu (ki ® k)™ = X (k)% € & = [Spec(ED HO (W, L)) /G x G (k)™

n>0 n>0
as desired. 0

Lemma 3.23. Let X = [W/G] be an algebraic stack with a projective good moduli space X — X, and let L
be a line bundle on X. Then there are schemes Spec(A) and V, both endowed with an action of G x G2,, an
equivariant embedding V C Spec(A) and a character p : G x G2 — Gy, such that:

o there is an isomorphism [Spec(A)(k,)** /G x G ] = X (L)%,

o there is an isomorphism [V/G x Gy ] =2 X, and

o there is an inclusion Spec(A)(k,)*® C V inducing X(L)¥ — X.

Proof. From Lemma 3.21, up to replacing G with G X Gy,, we can assume that X'(£)% is given by a character,
and the case in which £ is a character is treated in Lemma 3.22. O

Proof of Theorem 3.20. This now follows from Lemma 3.23 since we can find an equivariant closed embedding
Spec(A) — A™ which maps the semistable locus in the semistable locus. O
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3.3.2. Boundedness of Qg (X, Xpm, 8). We are finally ready to prove Theorem 3.17. Our strategy follows
[ , §2.4.3|, and can be understood as follows. There is a morphism 7 : Qg ,, (X, Xpm, ) — mgvn, its
image is a substack of finite type, so it suffices to show that 7 is of finite type.

In | , §2.4.3] it is proved that the fibers of 7 are bounded. The proof in loc. cit. actually goes
through in families, up to stratifying the base of the family. We now recall the steps needed to bound
quasimaps from a fixed twisted curve C, as in | , §2.4.3]. In | , §2.4.3] the authors first
observe that C fits in a push-out diagram wit NUN — C™ and NUN — N, where NV — C is the nodal locus
and C" — C the normalization. So it suffices to bound the quasimaps C" — X and the gluing data on N.
This the content of Step 2 of the proof of Theorem 3.17. Bounding the gluing data on A is instead achieved
in Step 1 instead . To bound the maps C* — X, in | , §2.4.3] the authors take a finite flat cover
C — C™, and show that it suffices to bound quasimaps C — X together with an isomorphism C x¢ C — X
which satisfies the cocycle condition. In other terms, there is a closed embedding

Hom(C", &) — Hom(C, X') Xtom(Cxcnc,x) Hom(C, X)

given by the morphisms which satisfy the cocycle condition. This is the content of Step 3. Finally one can
use Theorem 3.20 to reduce to | , Theorem 3.2.5].

Observe also that, while [ , Theorem 3.2.5] is stated for a fixed curve, their proof goes through
in families of smooth curves, up to possibly stratifying the base. Indeed, their argument is as follows, at
least for the case G = GL,. First they recall that each vector bundle on a curve can be obtained as a
consecutive extensions of line bundles. This is proved in | , Lemma 3.2.6], | , Theorem 1.9],
but in the case of GL,, the proof in | , Lemma III.11.1] generalizes for n > 2. They then show that all

the vector bundles on C' induced by C 2, [Spec(A)/ GL,,] — BGL,, where ¢ has degree 3, are consecutive
extensions by line bundles with bounded degree (this is a key step, achieved in | , Lemma 3.2.8]).
As line bundles with bounded degree are bounded (as they are parametrized by a relative Jacobian), and
extensions of a bounded family of pairs consisting of a smooth curve C' and a vector bundle on C, by a fixed
degree line bundle, are bounded (as parametrized by the push-forward, via a relative Jacobian, of a certain
Extt), the possible vector bundles which appear are bounded. This is the argument of | , Lemma
3.2.7], using | , Proposition 3.1 and Lemma 3.3] and | , Proposition 1.2, page 221]. *

Proof of Theorem 3.17. By construction there is a morphism Qg (X, Apm, ) — Dﬁgwn It follows from
Lemma 3.18, there is a finite type substack 8§ C 9", and a factorization Qg (X, Xpm, f) — 8§ — MY,
There is a surjective morphism S — 8 with .S an affine scheme, so it suffices to check that Qg (X, Xpm, ) X
S is of finite type. For doing so, we can replace S with any surjective morphism S’ — S of finite type.

In what follows, we will often replace S with a surjective and locally closed stratification of it, to simplify
the behaviour of € — S, the the twisted curve given by the morphism S — S)ﬁgwn These are always obtained
in the same way: recursively, starting from a generic point n of S, and spreading out. We explain what we
mean in the following paragraph, and we will omit some of the details for all the other stratifications as the
procedure will be very similar.

Up to replacing S with a sequence of surjective and locally closed embeddings S’ — S, we can assume
that € — S is such that the topological type of the fibers of € — S is constant on connected components of
S. Such a stratification is obtained as follows. Let n € S be a generic point of S. The fiber €, — 7 has a
specific topological type, which is constant in an open neighbourhood of 7, as acquiring nodal singularities

1Technically, the version of boundedness proved in | , Proposition 1.2, page 221] and | , Proposition 3.1 and Lemma
3.3] is weaker than what we need. Indeed, in loc. cit. by saying that a class of objects € is bounded the author means that
there is a morphism of finite type f : X — B where each member of € is a fiber of f. However, in our setting, the same proof
gives a stronger boundedness: there is a morphism of finite type f : X — B where each member of € is a fiber of f, and each
fiber of f is an element of €.
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is a closed condition. In particular, there is U C S an open neighbourhood of 1 where the topological type
is constant. We can then replace S with (S ~\ U) U U, and proceed inductively on S \ U. This process will
stop as S is noetherian, so we will have replaced S with a sequence S7U. ..U S, of locally closed subschemes
where C xg (S1U...US,) — (S1U...US,) has fibers whose topological type is locally constant.

Up to replacing S with a resolution of singularities S’ — S, we can assume that S is smooth, and up to
possibly replacing S with a locally closed stratification followed by a finite cover S — S, the normalization
C" — C is a fiberwise normalization, i.e. for every s € S we have that (€"); = (Cs)". Now, from | ,
Theorem 16.6] there is a finite and generically étale cover C' — €™, and up to replacing S with a stratification
S’ — S we can assume that C' — C™ is generically étale along each fiber, and C' — S is still a family of smooth
curves. Up to further stratifying S we can assume that C' — €™ is an fppf morphism. Up to replacing .S with
the Stein factorization of C' — S, we can assume that for every s € S belonging to a connected component
Sk € S there is a bijection between the connected components of Cs and those of Cg, . Finally, let N C € be
the nodes in C; up to replacing S with an étale cover of it we can assume that N — S are étale, and they are
disjoint unions of trivial gerbes. We finished our preparatory steps, we are ready to prove our main result.

Step 1. The morphism Homg (N, X) — Homg (N, X x X) is of finite type, where the morphism is induced
by the diagonal X — X x X.

It suffices to prove that for every a: B — Homg(N, X x X), the fiber product F is of finite type over B.
A morphism « as above induces Ng — Xp x X, and one can check that F' represents the same functor as
Np Xxpxxp - As N and X are of finite type over S, the morphism F — B is of finite type; this concludes
Step 1.

There are finitely many g; such that each irreducible component of €" has genus g;, and if ¢ — X has
class 8 there are finitely many (; such that an irreducible component of €™ are such that their morphisms
to X have class j;.

Step 2. If we know that the locus in Qg, ,, (X, Xpm, ;) where the domain curve is smooth but possibly
an orbifold is of finite type for every i, j, then Q, (X, Xpm, 5) is of finite type.

From how we stratified S, there are two closed embeddings i1, 2 : N — €™ whose compositions correspond
to the inclusion of the nodal locus in N’ — €. This induces a morphism Hom(C", X) — Hom(N, X x X), and
we can form the fiber product

F := Hom(C", X') XHom(N,xxx) Hom(N, X).

A morphism B — F corresponds to a morphism f : €% — Xp and an isomorphism f o (i1)|p — f o (i2)|5.

Since C fits in a pushout diagram with N LN 422, @nand NUN — N from [ , Theorem 1.8], we
have Hom(C, X) = F. Then it suffices to prove that F is of finite type.

From the previous step, we realized Hom(C, X) as a stack (namely F) which is of finite type over
Hom(C", X). Recall that we are not interested in every homomorphism € — X, but only in those which
satisfy the quasimap condition, which from Proposition 3.8 and Proposition 3.9 is open. Moreover, € — X
is a quasimap if and only if €" — X is a quasimap. So if we know that the locus in Hom(C", X’) where the
quasimap condition is satisfied with the given invariants is of finite type, also Qg (X, Xpm, 8) will be of
finite type. This concludes Step 2.

As before, from how we stratified 8, there are finitely many g; such that each irreducible component of C'
has genus g;, and if C' — X has class 8 there are finitely many [; such that the irreducible components of
C' are such that their morphism to X have class ;.

Step 3. It suffices to show that the locus in Qg ,, (X, Xpm, ;) where the domain curve is a smooth
schematic curve is of finite type for every i, j.

This follows since from fppf descent and the cocycle condition there is a closed embedding

Hom(C", X') — Hom(C", X') XHom(Cn x ¢ncm,x) Hom(C™, X).
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Moreover, the map €" — X is a (pointed) quasimap if and only if the corresponding morphism C' — X is a
(pointed) quasimap.

End of the argument. Combining Assumption 3.13 and Theorem 3.20, we obtain that there exists an
open

affine scheme V' = Spec(A) endowed with an action of a reductive group H such that j : X — [V/H] and
Xpm =~ [V (ky)**/H] for a character .
Therefore, we have a well-defined functor

Qg (X, Xom, B) — Qon((V/H] [V (ky)>/H], jul3)-

We claim that the functor above an open embedding. This would conclude the proof, as from | , Rmk
4.2.1] the locus in Qg ,([V/H], [V (ky)**/H], j«3) parametrizing smooth schematic curves is of finite type.
Let (¢ : € — [V/H],X) be a quasimap of class j./3 over a scheme S. This is equivalent to giving an
H-torsor P — € and a section u : € — P x g V to the projection morphism p: P xg V — C, satisfying the
usual hypotheses. Let U C V be the H-invariant open subset such that X ~ [U/H|, and consider the subset
U = (P xgU) xpx,v u(C), which is open in u(€). We deduce that the complement Z of p(U’) is closed
in €, and as the latter is proper over S, also the image of Z in S is closed. The complement of this closed
subscheme is precisely the set of points s such that C, is contained in X', which is open in S. (Il

Remark 3.24. Observe that, in the case in which the n marked points are schematic, one could have given
a slightly different definition of stable quasimap, where the points are allowed to collide based on a weight
vector @ = (ay,...,a,) € (0,1]™ as in | ]. Specifically, one could allow the points p;,,...,p;, to collide
if 2521 ai; <1, and instead of condition (1) in Definition 3.3, require the line bundle we (Y- a;p;) ® f* L3
to be nef. If we denote by Qg (X, Apwm, f) the resulting stack, we believe that minor modifications of the
arguments given in the above sections would prove that Qg z(X, Xpm, 5) is Deligne-Mumford and proper.

3.4. Obstruction theory. The existence of a perfect obstruction theory on Qg , (X, Xpwm, 5) follows from
Theorem 3.20 and the same arguments in [ , §4.5] or | , §2.4.5]:

Theorem 3.25. Assume that X satisfies Assumption 3.13. If X has lci singularities and Xpyp is smooth,
the moduli stack Qg »(X, Xpwm, B) carries a perfect obstruction theory.

Proof. From Theorem 3.20 we can find an open embedding X — [Spec(A)/G] for a reductive group G. As
in | , §4.5] or | , 82.4.5], if m: C = Qg (X, Xpum, B) is the universal family, with universal
morphism [u] : C - X — [Spec(A)/G], there is a principal G-torsor P — C and we can consider the fiber
bundle p : P xg Spec(A) — C with a section u : C — P X Spec(A). While the singularities of Spec(A)
could be arbitrary, by construction the section wu is such that:

(1) away from finitely many points it lands in Xpy which is smooth, and
(2) it is contained in X which is lci.

In particular, the complex [u]*Lispec(a)/q) is a complex of vector bundles concentrated in degrees [—1,0].
Then, proceeding exactly as in | |, one can prove that the complex

(R [u]* RHom(Ligpec(a) /6] Olspec(ay/a))

gives a perfect obstruction theory for Qg ., (X, Xpwm, B) relative to E)ﬁgvfm, and since Emgvfm is smooth, the stack

Qg.n(X, Xpm, f) has an absolute perfect obstruction theory. O

The four previous subsections complete the proof of Theorem 1.2.
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4. EXTENDED BLOW-UPS

In this section we first introduce extended weighted blow-ups, which are a mild generalization of weighted
blow-ups, which are more amenable for compactifying moduli spaces of maps to algebraic stacks. Then we
give a criterion for when a stack can be obtained as an extended weighted blow-up; this will be the main tool
to prove Theorem 1.5. Finally we prove Theorem 4.1, which allows to embed any algebraic stack X with a
good moduli space X — X and a properly stable point in an algebraic stack X with the same good moduli
space X=X , and such that X — X contains an open substack which is proper and Deligne-Mumford.

Theorem 4.1. Let X be an algebraic stack with a good moduli space p : X — X, and with an open dense
U C X such that X x x U is Deligne-Mumford. Then there is an algebraic stack X with an open embedding
it X < X such that:
(1) X has a good moduli space which is isomorphic to X, and i induces an isomorphism on good moduli
spaces,
(2) there is a morphism T : X — X which is an isomorphism over an open subset of X of the form
(mop)~H(U) for U C X open and dense,
(8) the morphism o is isomorphic to the identity,
(4) there is a line bundle Lpys on X such that )?(KDM)gg is Deligne-Mumford and proper over X,
(5) if X is a global quotient by a reductive group, then X can be chosen to be a global quotient by a
reductive group.

In particular, the stack X satisfies Assumption 3.13 if X = [W/G] for G reductive and X is projective.
In particular, we can combine Theorem 4.1 with the results of Section 3 to get the following

Corollary 4.2. Let X be an algebraic stack with a good moduli space p : X — X, and with an open dense
U C X such that X xx U is Deligne-Mumford. Assume that X = [W/G|, where G is a reductive group.
Then there is a schematically dense open embedding X C X as in Theorem 4.1, and there is an algebraic
stack Qg,n(,)?7 AN’(EDM)%S, B) parametrizing stable quasimaps C — X of genus g and class 3.

Remark 4.3. Recall locus S := {z € X : p~1(z) is a Deligne-Mumford gerbe} is open in X from | ,
Proposition 2.6]. So if X is irreducible, if there is a point in S then S is a dense open subscheme of X.

4.1. Extended weighted blow-ups. In this subsection we define extended weighted blow-ups. On a first
approximation, an extended blow-up of an algebraic stack X along an ideal Z is the Gy-quotient of the
deformation of X' to the weighted normal cone determined by Z. More specifically, if we denote by Z C X
the closed substack defined by Z, the deformation to the weighted normal cone of X is (a subset of) the
weighted blow-up of X x A! along Z x {0}, where the parameter T of A is defined of degree —1. The induced
Gm-action on X x A! extends then to the deformation of the normal cone, and the extended weighted blow-up
is the G,-quotient of the latter.
More formally, we begin with the following

Definition 4.4 (] , Definition 3.1.1]). Let X be an Artin stack. A weighted embedding Vs — X is
defined by a sequence of closed embeddings {Y,, = V(Z,,) < X' },>0 such that:

e Iy D>L1D---DI,D...
o 7,7, CThim
e Locally in the smooth topology on X, there exists a sufficiently large positive integer d such that for

all integers n > 1,
d
7, = (Iilzé2 ...Ifld .l €N, Zili - n)
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in which case, we say Z, is generated in degrees < d.

The last condition can be understood as a needed condition for €, Z,, to be of finite type. Furthermore, we
set Z,, = Oy for n < 0 and we call the sequence of ideals {Z,, },cz a weighted ideal sequence.

Consider then the graded Oy-algebra A := ®,cz7Z,. We will use an auxiliary variable T to denote the
degree, so in particular we will write an element of A as Z?Z_ & a;T?, where a; is an element of Z; in degree
j. Observe that:

(1) there is a morphism 7# : Oy — A, which sends Oy to the degree zero component;
(2) the previous morphism has a left inverse i# : A — Oy defined by Eﬁsz a;T? — Zfsz a;.

Moreover, we have the following.

Lemma 4.5. There is a strict Gy-action on Specy . (A) over X in the sense of | , Definition 1.3]. In
particular, there is a quotient [Specy, (A)/Gw] — X whose formation commutes with base change.

Proof. The grading of A induces a co-action
A— Alu®], aT9 — aT97.

We can then define an action p: Gy, % Specy,, (A) = Specg, (A) as follows:

the object (A € O%(5),£: S — X, f: €&* A — Og) is mapped to (£, A — £* A[u*?] v=3 &A EN Og).

Moreover, as the automorphism group of (A, ¢, f) coincides with the one of (£, f) and £, the morphism
between automorphism groups is just the identity; in this way, we get a morphism of algebraic stacks.

To check that the morphism above defines a strict action, we need to check that the identity (regarded as
a 2-morphism) makes the two following diagrams of algebraic stacks 2-commute:

mXid

Gm X Gm x Speco, (A) 55 G x Specp, (A) G x Specy (A) —— Spece , (A)

lidxu y txia] /

Gm x Specp,, (A) S N Speco, (A) Specp,, (A).

This is pretty straightforward, and it follows from the fact that the action morphism is a morphism over
X, where the 2-commutativity is strict (meaning that the 2-morphism making the diagram 2-commute is
actually the identity); we omit the details. Then from | , Theorem 4.1] it follows that there exists an
algebraic stack [Specy, (A)/Gwm] — X whose formation commute with base change. O

Given Lemma 4.5, we observe also the following:

(3) if we denote by 7 the morphism induced by 7# on sections, then 7 is G,-equivariant and the induced
morphism [Specy , (A)/Gn] — X is a good moduli space as the Gp,-invariant functions are those on
degree zero;

(4) if we denote by i the morphism X — [Specg , (A)/Gy] induced by i#, this is an open embedding
[ , Proposition 4.3.4];

(5) there is a morphism [Spece , (A)/Gm] = X x [A!/Gy,], given by the inclusion @, ., Ox [T ] — A,
which induces an isomorphism of i(X) with the preimage of X x {1} and of its complement with the
complement of {7~} = 0; in particular, we have that [Specy , (A)/Gw] \ i(X) is Cartier.

(6) from | , Remark 3.2.5], we have that [Specy, (A) \ V(A1)/Gy] is the weighted blow-up of X
along Z,.
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Definition 4.6. Given a weighted ideal sequence {Z,,} as above, we define
EBz, X := [Specy,, (A)/Gu]

the extended weighted blow-up of X along Z,. When Z,, = I for n > 1, we call EBz, X simply an extended
blow-up and we denote it by EBz X.

Remark 4.7. An extended weighted blow-up 7 : EBze X — X' is such that 7,Ogp,. x = Ox. Indeed, one
can check this smooth locally over X so we can assume that X is a scheme, in which case it follows from
point (3) above.

Example 4.8 (Extended blow-up of 0 € A?). In this example we work out explicitly the extended blow-
up of 0 € A2, The deformation to the normal cone of the origin V(x,y) C A? can be identified with
Spec(klz,y, T, X, Y]/(XT — 2, YT — y) where:
X,Y are the generators of the maximal ideal in degree 1,
T has degree —1,
x,y have degree 0,
the map X — Spec(I®) is given by sending T'— 1, and
the map Spec(I®) — X is given by the inclusion of the degree 0 component.
Therefore we can identify it with A% = Spec(k[X,Y,T]), which has a G,-action with weights (1,1, —1). The
map A% — A? given by (a,b,u) — (au,bu) induces the good moduli space morphism

7 [A%/Gp) — A?
which is the extended blow-up of 0 € A2, The section i of point (4) is given by the locus where 7' = 1 in
[A%/G,]. As for point (6), we can identify [{(a,b,t) : (a,b) # (0,0)}/Gn] — [A3/G,,] with the blow-up of
the origin in A? as in | , §2.2].

Similarly, when a group G acts on A2, we can extend its action to A3, by acting trivially on the T
component. So as before one has two morphism [A2/G] — [A%/G x Gp] and [A%/G x G] — [A%/G] whose
composition is the identity, where the first is the complement of a Cartier divisor, and [A®/G x G,] contains
as an open the blow-up of BG in [A?/G].

Definition 4.9. Given a stack X and a weighted ideal sequence Z°, there is an effective Cartier divisor
&€ C EBz« X which restrict to the exceptional divisor of the blow-up, and which in the examples given above
it agrees with the vanishing locus of T=1. We call such an effective Cartier divisor the exzceptional divisor.
Observe that the exceptional divisor of an extended weighted blow-up EBze X is the scheme-theoretic closure
of the (usual) exceptional divisor of the weighted blow-up contained (as an open) in EBze X.

4.2. A criterion for being an extended blow-up. In this subsection we give a few criteria under which
a morphism of algebraic stacks X — X is an extended weighted blow-up; this will come in handy later.

Proposition 4.10. Let 7: X — X bea morphism of algebraic stacks such that:
(1) the stacks X and X have the same good moduli space, i.e. there is a good moduli space p: X — X
and the composition p o w also defines a good moduli space for 2?;
(2) the canonical map Ox — m.Oz is an isomorphism;
(3) there is a morphism X — [A'/Gu] such that X — X x [A'/Gy,] is representable;
(4) if € C X is the Cartier divisor induced by X — X x [A'/Gp] — [A!/Gy], we have (7r|g)*(/\/'gi®d) =0
for d >0, where Ng is the normal bundle of E.
Then 7: X — X is an extended weighted blow-up of X along the filtration

Ox DmO0(-€) DmO(=26)D ... Dm.O0(-n€) D ...
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Proof. First, observe that (1) implies that X > Xis cohomologlcally affine | , Proposition 3. 13] Let
Y be the total space of the Gy-torsor g: V) — X associated to £. As Yy — X is affine and X — X
is cohomologically affine, also ) — X is cohomologically affine and representable from (3), hence affine
[ , Proposition 3.3].

Write ) = Specp, (A). Observe that, as g: Y — X is the Gy-torsor associated to £, we have that

9x0y = BpezO(—n€). We deduce that A = @, czm.O(—nE). We prove that 7,0(n€) = Oy for n > 0.
Observe that by (2) the map Ox — 7,0y is an isomorphism, and consider the exact sequence

0= 05(n€) = O((n+1)E) = N — 0.

Pushing it forward along 7, we obtain an isomorphism 7, Of(ng) ~mO05((n+ 1)€), because the third term
of the sequence vanishes by (4). We can therefore conclude by induction that 7,.0O(n€) ~ Oy for n > 0.
Set then 7,, := 7,0 5(—n&) for n € Z. Then by pushing down the filtration
O/:g D O}(—é'v) D...D O/:g(—ng) D
we get a filtration
OxD>DI1DI3D...0I1,D....
One can check that it satisfies the conditions of Definition 4.4, hence A = ®,,¢z7Z,, and X = EBz, X. O

Lemma 4.11. Let7: X — X be a morphism of algebraic stacks, assume that there is a schematically dense
open immersion i : X — X satisfying mwoi =idyx. Then 1,05 = Ox.

For example, if 7 is topologically dense and X is reduced then i is schematically dense.

Proof. The morphism O% — i.Ox is injective, since 4 is schematically dense. So also 7,05 — m,i,Oy is
injective. Since the composition

Oy — 71'*(92? — W*i*o)? =0y
is surjective, the morphism W*Of — m,i+Ox is also surjective. This implies that Oy — 77*(’)55 is an
isomorphism as claimed. O
Corollary 4.12. In the setting of Proposition 4.10, suppose that (1) and (3) hold, together with

(5) the stack X is normal, X is integral, and there is a schematically dense open immersion i : X — X
satisfying woi = idx such that w(£) C X has codimension > 2.

Then the same conclusion of Proposition 4.10 holds true.

Proof. Set Z := w(g) and observe that by (5) and Lemma 4.11 there is an isomorphism j : Oy = j.Ox_z.
Consider the morphism a: Oy ~ m05 — 7.0(n€) for n > 0. This is injective since Oz — O)?(ng)
Is injective, as X is integral. We now show that it is surjective. As X is integral, we have an injection
Oz — j*(’) & given by the restriction to the complement of £. So:

0— On€) — O(né) @ .05 5~ Juj Oné) = .05 .
By pushing forward along 7 we get an injection
0 — m,0(n€) — ﬂ'*}*(%g\g ~ J:Ox.z ~ Ox.

This provides a section to «, hence « is surjective. Now the same proof of Proposition 4.10 goes through. [
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4.3. Proof of Theorem 4.1. We begin with the following.

Lemma 4.13. Let X be an algebraic stack and Iy = {Z,}nez o weighted ideal sequence of Ox. Let
0 : Gy, — G be the character t — t=1. Then (EBz, X)(kg)% is the weighted blow-up of X along Z,.
Moreover, if m: X — X is a good moduli space and I,, = I}, then (EBz, X)(kg)% = BIT X, where the latter
is a saturated blow-up (see | , Definitions 3.1 and 3.2]).

Proof. If we denote by p : EBz, X — X the projection, observe that
mk§" = 1"

This can be checked smooth locally over X', where it suffices to observe that the sections of Spece, , (D,,c7 Z™)
which are k§"-semiinvariant are homogeneous of degree n. The first part now follows since (EBz, X)(kg)5 =
[Spec(EBnEZ ) N V(< B,,50Zn >)/Gw] and from | , Remark 3.2.4 and §1.1] the latter is the desired
weighted blowup.

For the moreover part, observe that (EBz X )(k@)ss is the locus of EBz, X given by the complement of

V((mop) ™ (mop) (DKE™) = V((rop) @ TY) = Vptn m( @ T7) =
nez nez nezZ
Since 7~ '7*Z, C ", we have that V(G}n21 Z,) C Z so the latter is the locus in the weighted blow-up of Z,
given by the complement of V(7' (D,,c5 Zn)), namely BIF X. O

Proof of Theorem 4.1. By the main theorem in | | there is a sequence of saturated blow-ups X,, —
X1 — ... — X3 — X such that X, is Deligne-Mumford. As taking an extended blow-up commutes with
open embeddings, it suffices to prove by induction on n that there is an algebraic stack & such that:

(1) there is an open embedding i; : X — j(vj with a projection m; : /?] — X inducing isomorphisms on
good moduli spaces and such that 7; o4; is isomorphic to the identity,

(2) if U C X consists of the open subset of properly stable points in X, then 7; is an isomorphism on
the preimage of U,

(3) there is a morphism §&; : X — BGY7 and a character 0; : G&J — Gy, such that if we denote by
Lj:= & kg, the semistable IOCUb for L; over X is 1somorph1c to Xj.

For the case n = 1 we can take the extended blow-up corresponding to the saturated blow-up X; — X,
and apply Lemma 4.13: all the points above follow from the properties of extended blow-ups and from
Lemma 4.13.

Assuming that the desired result holds for j, we show it holds for j 4 1. Let Z; C X; the closed locus we
would blow-up to obtain X;y;, and let é,;j be its closure in fj As Xj; is open in /’?j, the extended blow-up
T Eng P?j — )?j restricts to EBz; &;. From Lemma 4.13 there is a morphism EBz, X; — BG,, and a
character ;.1 such that the semistable locus over the good moduli space X; of &; for kg, , is X1 . The
morphism EBz, &; — BGy, comes from the Gy,-quotient presentation of the definition of extended blow-up,
so it extends to a morphism EB 3 )?j — BGy,. There is a morphism ¢ : X — EB3 X from the properties
of extended blow-ups, and it is straightforward to check that points (1) and (2) follow by taking ij41 1= 104,
and 711 = m; o 7. Point (3) instead follows from Proposition 2.16, we explain how. By induction we have a
line bundle £ on X whose semistable locus over X is & C X], the j-th step of the algorithm of Edidin and
Rydh. We know that the (j + 1)-th step X;;1 — X is a saturated blow-up, which by Lemma 4.13 is the
relative semistable locus, over the good moduli space X ; of X, for a line bundle M of the extended blow-up

EBz,,, Xj11. Then Proposition 2.16 allows us to take both semistable loci simultaneously, so &1 will be

the 7* L&™ @ M-semistable locus of jgj.t,.l over X, which proves (3).
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Finally, as the weighted blow-up EBz X admits a representable (in fact, affine) morphism EBz — X' xBG,,
if X is a global quotient then also X} is a global quotient for every i. O

5. EXAMPLES AND APPLICATIONS

Theorem 1.1 now follows from the results in Section 3 and Section 4: from Section 4 given an algebraic
stack X one can enlarge it X C X in a controlled way, and such that from Section 3 there is a compact
moduli space of maps to X. In this section we report three examples of how one could compactify the space
of maps to a given algebraic stack X with a properly stable point and projective good moduli space.

The first example in Section 5.1 is for X being a quotient of a separated Deligne-Mumford stack by a
torus; we show that in this case no enlargement is needed. Indeed, such stacks always contain an open
substack which is a proper Deligne-Mumford stack. The second example, in Section 5.2, is for the GIT
moduli space CSIT of divisors on P! of degree 2n (namely, the GIT compactification of Mg 2,/S,). In this
case it is not hard to check that X does not admit an open substack which is proper and Deligne-Mumford,
so to apply the results of Section 3 one needs to enlarge it. We use the results in Section 4.2 to construct
an enlargement which is modular: it can be obtained by enlarging the moduli problem of C$!T. Using the
results in Section 4.2, we show that this enlargement is still an extended weighted blow-up. As a byproduct,
we prove Theorem 1.5. We also have a similar analysis for the GIT moduli space of 2n ordered points n
P!. Finally in Section 5.3 we study the case when the target stack is the GIT moduli space of plane cubics
Pl. This algebraic stack both does not have an open substack which is proper and Deligne-Mumford, and it
does not have (as far as we know) a modular enlargement containing a proper and Deligne-Mumford open
substack. We show that also in this case, from the properties of extended blow-ups, one can still carry a
detailed analysis of the objects on the boundary of Q4 (P!, Pl,,, ) for an extended blow-up P! — PL.

5.1. Toric quotients. The goal of this subsection is to prove that if X’ is a quotient of a Deligne-Mumford
stack by a split torus, and there is an open dense U C X such that X xx U is a Deligne-Mumford stack,
then X always contains an open substack which is a proper Deligne-Mumford stack. So for such stacks, the
enlargement X C X of Theorem 1.2 is not needed.

Theorem 5.1. Let X be an algebraic stack with a good moduli space X — X which is separated. Assume
that:

o there is a morphism X — BG],, representable in Deligne-Mumford stacks, and

o there is a dense open U C X such that X x x U is Deligne-Mumford.
Then there are finitely many hyperplanes Hy, ..., Hp, in the space X(GJ)q of rational characters of Gl such
that, if p ¢ \JH;, then X(k,)% is a separated Deligne-Mumford stack, with coarse moduli space projective
over X and such that X xx U C X(k,)%.

Proof. We will denote by G a group which is a central extension of Gy, by a finite group F.

Affine case. We will assume that X = [Spec(A)/G], and that Spec(A) has a G-fixed point. In particular,
our assumptions guarantee that there is a morphism v : G — G}, with finite kernel.

Step 1. We can assume G = GJ,, X F.

From | |, there is a finite subgroup F' < G and a surjective morphism G x F — G with finite
kernel. As G, is contained in the center of G, the product is direct. In particular, there is a morphism
[Spec(A)/G" x F| — [Spec(A)/G]| which is separated and a gerbe, so if u is a character of G, then
[Spec(A)/G}, x F|(k,)* satisfies the condition of the theorem if and only if [Spec(A)/G](k,)** does. In
particular, we can assume that G = G}, x F.

Step 2. We can assume that F' = {1}.
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Indeed, up to post-composing X — BGP, with the map BG?, — BG} induced by (t1,...,t,) —
(tN,...,tN) for N > 1, we can assume that the morphism ¢ : G7, x F — G is trivial if restricted to
F. In particular, we can factor [Spec(A)/G", x F] — BG" x Spec(A®=*F) as

[Spec(A)/G", x F] — [Spec(AT)/G" ] — BG", x Spec(A®=*F)

and again, if we can find such a p for [Spec(Af)/G? ], the same u will also work for [Spec(A)/G~, x F].

Step 3. We can assume that Spec(A) = AN.

Indeed, there is an equivariant closed embedding i : Spec(A4) <+ AY. From the affine Hilbert-Mumford
criterion, since i is a closed embedding, we have that i ~! (A" (k,,)**) = Spec(A)(k,)**. Since G7, is reductive,
there is a closed embedding Spec(A®m) < AN /G’ where we denoted by AY /G”. the good moduli space of
[AN/G" ]. So if we find such a p for [AY /G ], the same y will also work for [Spec(A)/G™].

The AV case. Up to performing a change of coordinates, we can assume that the action is diagonal,
given by N characters x1,...,XnN-

Given a character g, recall that:

e from | , Proposition 2.5] a point p € AY is fi-stable if, for every one-parameter subgroup
A : Gy — GI, such that lims o A\(t)p exists, we have that < A\, g >< 0, and

o given A € X(G},)*, if a point p is such that lim, .o A(¢)p exists and if < A, x; >< 0, then the j-th
coordinate of p is 0.

Since the generic stabilizer is finite, the morphism = : G, — G that sends g — (x1(9),---,xn~(g)) has
finite kernel. In particular, the point (1,...,1) is stable, as there is no one-parameter subgroup A such that
lim; o A(t)p exists. Moreover, if we choose i such that the hyperplane in X(GJ,)* given by < -, g >=0is
different from < -, x; >= 0 for every 4, then the stable locus and the semistable locus agree. Indeed, if p
is a point such that, for a given A, we have that < A,z >= 0 and lim;_,o A(t)p exists, then A is away from
the hyperplanes < -, x; >= 0. In particular, we can slightly perturb A in a way such that lim;_,q A(¢)p still
exists, but < A\, i >> 0, so p was not semistable.

Finally, since ¢ : G — GJ, has finite kernel, the morphism ¥ : X(G}})g — X(G},)g induced by ¢ : G —
Gn is surjective. So as long as we take y away from |J¥~1(x;), the character i = ¥(u) will work.

General case. Since X — BGY, is representable in Deligne-Mumford stacks, from [ , Corollary 4.7
& Theorem 2.19] the stabilizers G of the geometric points are central extensions of a split torus G}, by a
finite group F. In particular, for every p € X there is an étale neighbourhood of p of the form Spec(A%) — X
such that the following diagram is cartesian:

[Spec(4)/G] — X

| ]

Spec(AY) —— X

and there is a homomorphism ¢ : G — G}, with finite kernel. So for each neighbourhood as above we can
find a finite set of hyperplanes of X(G}})g as in the statement of the theorem. Now the desired result follows
since X is quasicompact, so we can cover X with finitely many étale charts as above. (]

Example 5.2. We give an application of Theorem 5.1 to study stable maps to a specific quotient. Consider
the action of G,, on A? with weights 1 and —1. The good moduli space [A%/G,,] is A!, and the quotient map
[A?/G,,) — Al is an isomorphism away from a point (which we set to be 0). We can consider the stack P!
obtained by replacing the chart in P! given by zo # 0 with [A%/G,,]. More specifically, this is the gluing of
A} and [AZ | /Gy, along A' ~ {0} and [AZ |\ {zy = 0}/Gy,] via the map that sends ¢ — ﬁ The stack P! is
an algebraic stack with P! with a good moduli space. It is smooth and it has a Zariski open cover where it is
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a quotient of a separated scheme by a torus. Then from the main result of | |, it is globally a quotient
of a separated Deligne-Mumford stack by a torus. Indeed in loc. cit. we give a criterion for when a smooth
algebraic stack with a good moduli space admits such a presentation, and the criterion is Zariski local on the
good moduli space. Therefore Theorem 5.1 applies, and one can check explicitly that P! contains P! as an
open substack, since the quotient map [A?/G,,] — A admits a section given by [A% \ {z = 0}/G,,] — AL
This extends to a section P! — P

Consider the map A} — A2 x> t—aandy— t—bfor a,b € k. This gives a map A' — [A?/Gy,]
which, if composed to [A?/G,,] — A! — P!, compactifies to a map ¢ : P! — P! whose composition with the
good quotient of P! gives Pt — P! — P! of degree 2, and not ramified at 0 (the point on P! corresponding
to a polistable and not stable point of P!). If we take as open proper Deligne-Mumford of P! the locus
in [A%?/G,,] where x # 0, and we denote by C' the domain of ¢, then we have a unique point in C which
does not map to PL,,;. If one takes the closure of the locus of maps P! — P! constructed as above, it is
straightforward to check that the nodal curves that one finds on the boundary are either D the nodal union
of two P's, with the composition D — P! — P! being unramified over 0, or the nodal union D of three P's,
with the two P's which have a single node mapping finitely to the good quotient of P!, and the P! with two
nodes mapping to 0. The map ¢ : D — P! will still be a quasimap, so ¢~ (P! PL,,) will still be a unique
smooth point.

5.2. Rational pointed curves. In this subsection we study a modular enlargement CS'T C 523{ of the GIT
moduli stack of genus 0 curves with a divisor of degree 2n, which we denote by C$IT. The enlarged moduli
stack 52073( contains a proper Deligne-Mumford stack as an open, and is an extended weighted blow-up. So
in particular if one compactifies the space of maps to CSIT by considering stable quasimaps to CS.Y, the
objects on the boundary have an explicit modular interpretation. We will use results from Section 4 to prove

Theorem 1.5. In Section 5.2.2 we study the problem for the case of 2n ordered points on P!.

5.2.1. Unordered points on P1. For n > 1, let CQGnIT be the stack of smooth rational curves endowed with a

divisor D = pj + ...+ pa, such that if p;, = ... =p;,,, then m <n. This stack is isomorphic to the smooth
quotient stack [PH? (P, O(2n))**/ PGLy|, where the PGLy-action is linearized via the line bundle O(1), and
it admits a projective good moduli space | , Proposition 4.1].

The good moduli space CSIT — C$IT is properly stable, but it is not a coarse moduli space due to the
presence of strictly semistable points in PH (P, O(2n))**: the point in the stack corresponding to P* and
D =n-0+n- oo corresponds to the unique closed orbit of the strictly semistable locus.

Consider the stack CSY whose objects are pairs (P — S, D) where:

(1) the morphism P — S is a twisted conic | , §1.1], i.e. a proper, flat morphism whose geometric
fibers are rational twisted curves having at most one node, and such node have automorphism group
isomorphic to us;

(2) the divisor D C P is contained in the schematic locus of P, is finite of degree 2n over S, and on
the geometric fibers D = p; + ... 4+ po, has degree at least n on each irreducible component, and if
Diy =...=p; , then m <n.

We aim at proving the following.

Theorem 5.3. The following hold true:
(1) there is a morphism T: 52CnY — CSIT which realizes the first stack as an evtended weighted blow-up
of the second;

5 . . —CY - L .
(2) the stack CSY contains a proper Deligne-Mumford stack C.,, admitting a projective coarse moduli
space.
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In particular, one can compactify the space of maps to C$I'T by considering maps to (ZCTLY as the enlargement
of Theorem 1.1. So while CSiIT does not contain an open substack which is Deligne-Mumford, one can choose
an enlargement of CS1T (namely, 5%? ) which is itself a moduli space, and which contains an open substack
which is proper and Deligne-Mumford.

Recall that there exists a smooth algebraic stack CSY whose objects are the same as the ones of CNQCnY
albeit the node of the singular conics is not twisted | , Definition 16.7, Lemma 16.8]. This stack has
a natural forgetful morphism CSY — C, where C is the stack of rational curves having at most one node. Let
R be the stack of twisted conics | , Definition 1.1], which also has a forgetful morphism R — C. Then
the following is straightforward.

Lemma 5.4. We have CS,Y ~CS$Y x¢ R.

We will also need the following.
Lemma 5.5. The stack R is an order 2 root stack of C along the smooth divisor of singular curves.

Proof. Observe that C is isomorphic to the quotient stack [P(H’(P?,O(2) ~ Az)/ PGLs], where A, is the
locus of quadrics of rank < 1. Then the substack C; of singular curves is isomorphic to [(A; \ Az)/ PGL3],
which is a smooth divisor. B

Let C denote the root stack of C along C;. In order to define a morphism R — C, consider a twisted conic
P — S and let P — S be its coarse space, where S = Spec(A) is smooth. By picking an atlas of R and up
to further shrinking it, we can assume that the locus of points with singular fibers is the vanishing locus of
f € A, where f is not a zero divisor.

Etale locally around the twisted node, the twisted conic is isomorphic to Spec(A[u, v]/(uv — f)/p2], where
the action is given by u — (—u) and v — (—v). The coarse space is instead isomorphic to Spec(Alz, y]/(xy —
f?)), and the coarse moduli space morphism sends x — u? and v — v2. Let S; C S be the locus of points
whose fiber in P — S is singular: then we have just showed that S; has a root of order 2, locally defined by
the vanishing locus of f. In this way, we have defined a morphism R — C.

On the other hand, given a family of rational curves P — S = Spec(4), and T = V(f) C S a divisor
such that 27" = S;, we have that étale locally P looks like Spec(A[z,y]/(zy — f2)), hence we can replace
each of these étale local charts with the stack [Spec(Afu, v]/(uv— f))/p2], and glue them back together, thus
obtaining a twisted conic P — S. This defines a morphism C— R, and it is straightforward to check that
the two morphisms of stacks that we defined are one the inverse of the other. O

A combination of Lemma 5.4 and Lemma 5.5 immediately gives us the following.
Proposition 5.6. The stack @Ean is a pa-root stack of CS.Y along the divisor of singular curves.

Corollary 5.7. The stack C~2CnY is an algebraic stack of finite type and it admits a projective good moduli
space, which is isomorphic to CQGnIT.

Proof. This follows from Proposition 5.6 and the fact that Cg,f is an algebraic stack of finite type with

projective good moduli space isomorphic to C$IT | , Theorem 16.9]. ]

We are ready to prove the result stated at the beginning of this section. We begin with the following
Remark, where we explain the main ideas of the proof of Theorem 5.3.

Remark 5.8. Consider a one parameter family 7 : (C, A) — Spec(R) in CSY, and assume that the generic

fiber of 7 is smooth and the special one is singular. In other terms, the family C — Spec(R) is a degeneration

of P! to a nodal union of two P's. To construct a map CSY — CSIT, one might want to:

(1) first blow-up the singular point on the central fiber of C to get B — C; let E be the exceptional
divisor.
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(2) Contract the proper transforms of the two irreducible components of the central fiber of C in B, so
that the push forward of the proper transform of A intersects the pushforward of E in two points.

However, as it is, this approach does not work as the central fiber of B — Spec(R) is not reduced when, for
example, the total space C is smooth. On the other hand, a local computation shows that one can arrange
E to be reduced whenever the nodal point z on the central fiber of C is an Ag, 11 singularity. So we would
like to only consider families when z is an Asg, 41 singularity. The idea is to force the central fiber to be a
twisted curve with a po-stabilizer at the node, so that when we take the corresponding coarse moduli space,
the nodal point is indeed always an Ag,11 singularity.

Proof of Theorem 5.3. We divide the proof in several steps.

Step 1: we first need to construct a morphism 5%2( — CSIT. Let P — S be a twisted curve with S = Spec(A),
and P — S its coarse space. As already done before, we can assume that the locus of points with a singular
fiber is the vanishing locus of f € A, where f is not a zero divisor.

Set P — S to be the blow-up of P along the relative singular locus, with exceptional divisor E. We claim
(1) that P — S has reduced fibers and that (2) there is a canonical S-morphism g: P — P’ with (P’ — 9)
a smooth rational curve, obtained by contracting the irreducible components of the singular fibers which are
not E.

Assuming (1), consider the line bundle F = wl\é/s
fibers. Let RzU E5U RL be a singular fiber; then the restriction of F has multidegree (0,2,0). Let g: P — P’
be the restriction onto the image of the S-morphism induced by F; one can verify that g has the properties
described in (2). Indeed, H'(F;) = 0 for every s € S, so the formation of Proj(€D, s, m«(F®")) commutes
with base change from cohomology and base change. Then we can check the desired statement fiberwise,
where one can check it easily.

To prove (1), observe that up to passing to an étale-local neighbourhood of the relative singular locus,
we can substitute P with Spec(A[z,y]/(zy — f?)); we must have such a local description, because P is the
coarse space of a curve with a twisted node. A quick computation shows that the blow-up along (z,y, f) of
Spec(A[z,y]/(zy — f?)) is covered by the following three charts:

(i) Spec(Afu,v]/(uv — 1)) with z = uf and y = vf;
(ii) Spec(Alw, y]/(f —wy) with z = w?y;
(iii) Spec(A[w’,z]/(f —w'z)) with y = w'?z.
In particular, the fiber over Sy is reduced.

Given (P — S, D) an object of CSY, we can therefore consider the smooth rational curve P’ — S together
with the divisor g(D). It is immediate to check that the latter is still a divisor, it is finite over S of degree
2n, and if there is a geometric fiber such that Dy = p1 +...4+pay and p;;, = ... = p;,,, then m < n. In other
words, the pair (P’ — S, g(D)) is an object of C$IT. In this way, we have defined 7: C$Y — CSIT,
Step 2: in order to apply the criterion given in Corollary 4.12, we first observe that there is a schematically
dense, open embedding CS!T — CSY | , Lemma 16.8] and that 7 induces an isomorphism of good
moduli spaces. As the image of this embedding does not intersect the divisor of singular curves, we can lift
this embedding to CS, as the latter is a root stack over CS.Y
We know from Corollary 5.7 that C}? has a projective good moduli space, which is normal because 5209(
is a root stack over CSY (see Proposition 5.6) and the latter is smooth stack | , Lemma 16.8]. The
morphism 7 induces a morphism of good moduli spaces CSY — CS$IT. which has a section given by the
morphism induced by 4, which is an isomorphism (this follows from how we defined ¢ and | , Theorem
16.9]). It follows that the morphism 7 induces an isomorphism of good moduli spaces.
Step 3: to apply Corollary 4.12 we need to show that the morphism £ : C§Y — CSIT x [A/G,,], given

by 7 and the Cartier divisor EcC 520,2( of singular curves, is representable. From how 7 is constructed, it

(—E): by construction this has degree two on the smooth

by Lemma 5.5. It is still schematically-dense.
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suffices to check that & is representable at the points of 583( which correspond to singular curves (namely,
). Let m; the two projections of CSIT x [A'/G,,]. As there is a unique polistable point p € £, namely the
curve where the support of the divisor consists of two points, it from Lemma 2.6 it suffices to check that &

is representable at this point. We recall a few results from | , §1.5] on Autzoy (p).
2n

Let (C, F) be the pair in £ corresponding to p, namely a nodal twisted cubic C' with a divisor E consisting
of two smooth points on C, one per irreducible component. If we denote by D the nodal union of two P's
attached at the point [0, 1], there is an action of gy on D which preserves the irreducible components and
on each irreducible component it acts as [a,b] — [—a,b]. The stack quotient [D/us] has three stacky points,
two of which are smooth. There is a map [D/ps] — C which rigidifies [D/pso] at the two smooth stacky
points; the corresponding points on C' are the support of the divisor E, and we still denote by F the two
smooth points on D fixed by ps. To summarize:

e D is the nodal union of two P!, and F are two smooth points on D, one per irreducible component,
® 15 acts on D, non-trivially on each irreducible component, fixing F/, and
e C is the quotient [D/uo] rigidified at [E/ o).

Then:

(1) Aut(D, E) =2 G2, x py with where Gy, acts by scaling each branch, and py swaps the two branches.
(2) There is a map Aut(D, E) — Aut([D/ps], [E/p2]) that is surjective with kernel (-1, —1,1d), and

an isomorphism Aut([D/pe], [E/p2]) = Aut(C, E) | , Pag. 10].
(3) The action of Auté‘zcy (p) = Aut(C, E) on the fiber of 062(]\/' (€) at p (ie., on Autpui /g, (m2 0 &(p)))
is computed via the composition G2, x py = Aut(D, E) — Gy, (a,b,0) = ab | , Proposition

A4 and pag. 12].

(4) The map CSY — CSIT sends the twisted conic C' to the P! obtained by performing the blow-up
of the reduced stacky point of C' and taking the coarse moduli space of the exceptional divisor.
In a neighbourhood of the node, the blow-up is the po-quotient of Proj(k[z,y, Xo, X1]/(Xoy —
Xiz,zy)). We study the chart where Xy # 0; the other chart is similar. In this chart the blow-
up is Spec(k[z, %]/12%) and the action of po sends z — —x. Hence the coarse moduli space is

Spec(k[z?, )%]/:ﬁ)%) The exceptional divisor is Spec(k[%]). So the composition

x o = Aut(D, E) = Aut(C, ) = Autgey (p) 25 Autegrr (m 0 £(p)) sends (a,b, o) (% 0) .

Then from points (3) and (4), the composition
G2 % pp = Aut(D, E) —>Autc~$ (p) = Autegrr (m1 0 £(p)) x Autjar g, (m2 0 £(p))
a
sends (a,b,0) — ((5,0> ,ab) .
The kernel of this map is generated by (—1, —1,1d) so from (2) the map
Aut(C, E) = AUtazqy (p) = Autegrr (m1 0 {(p)) x Aubjar/g,, (2 0 £(p))

is injective, as desired. B

Step 4: we are only left with proving that CSY contains a proper Deligne-Mumford stack with a coarse
moduli space. Consider Us,, the complement of the closed substack whose objects are pairs (P — S, D) where
on each geometric fiber the restriction of D is supported on only two points. Observe finally that U, is
Deligne-Mumford, and it has a projective coarse moduli space. Indeed, it is a root stack of the KSBA-moduli
space compactifying (P?, (£ + ¢)D) where D C P! is a smooth divisor of degree 2d. O
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5.2.2. Moduli of pointed rational curves. Let My oy, denote the moduli stack of smooth rational curves with
2n markings, for n > 1, which is a quasi-projective variety.
One possible modular compactification of Mg 2, can be constructed as follows: consider the scheme

PHO(]P’l, 0(1))><2n ~ (Pl)XZn

parametrizing 2n-uples of points on P!. There is a natural PGLg-action on this variety, which can be

linearized via the line bundle L = O(2) K ... XK O(2).

Set HOGI;L [(P1)*2n(L)**/ PGLy): then this is an algebraic stack, with good moduli space the GIT

quotient Mo,zn = (PY)*2"(L)** ) PGLy.

The semistable locus of this linearized PGLg-action on (P')*™ consists of the configurations with at
most n markings collapsing together, and the stable points are those with at most n — 1 points collapsing
together. The closed orbits of the strictly semistable locus are the semistable configurations with the markings
supported on only two points (see the proof of | , Proposition 4.1]).

Therefore, the stack MOGIQ: is a compactification of Mg 2, but it does not have a proper, Deligne-Mumford
substack with a coarse moduli space, so we cannot apply the theory of stable quasimaps of §3.

Consider the stack Mo on, Whose objects are tuples (P — S, p1,...,p2,) where:

e the morphism P — S is a twisted conic and p;: S — P are sections landing in the smooth locus of
P— S,

e on every geometric point s, each irreducible component of P; contains at least n sections, and no
more than n sections can coincide.

We omit the definition of the morphisms.

Proposition 5.9. The following hold true:

. . i -—G . . .
(1) there is a morphism 7: M(}){Qn — /\/1071;1 which realizes the first stack as an extended weighted blow-up
of the second;

—H
(2) the stack MO on, contains a proper Deligne-Mumford stack M, 5,, admitting a projective coarse moduli
space.

The Deligne-Mumford stack ﬂg% appearing in Proposition 5.9 is the moduli stack of stable weighted

2n-marked genus zero curves with weights (£, . .., 1<)

constructed in | |

Proof of Proposition 5.9. As before, we divide the proof in several steps.

. v ——GIT .
Step 1: the morphism 7: M&Qn — M ,, is constructed exactly as in the first step of the proof Theorem 5.3,
with the only difference that one has to take the image of the sections p;: S — P instead of the image of
the divisor D C P.

Step 2: we want to apply Corollary 4.12. First observe that there is a schematically-dense open embedding
—G
it Mg, I;,; — ./\/lo on, defined similarly as in the proof of Theorem 5.3. It is easy to check that 7o ¢ =id.

Next, we show that MO o, admits a good moduli space and that 7: MVO on — /\78;122 induces an isomor-

phism at the level of good moduli spaces.

Observe that there is a natural morphism MO on CQn , which is representable and finite: indeed, it is
induced by taking the quotient with respect to the natural action of the symmetric group on the labels of
the sections.

As CSY — CS$IT is cohomologically affine by Theorem 5.3, so it is the composition f: MO on — CSTT.

Define X = Speccgm(f* . )- Applying Lemma 2.8, we deduce that MO on, — X is a good moduli space.
n 0,2 ’

,2n
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—GIT . ——GIT ——GIT —GIT ,
Let Mg 5, be the moduli space of Mg ,,: then the composition MO on = Moo, — Mg, induces a

) —GIT . .
morphism f: X — Mg ,, which can be easily checked to be birational and bijective. As the target is a
normal variety and both the domain and the target are projective, by Zariski’s main theorem we deduce

that f is an isomorphism.
-—G
Step 3: we show that there is a representable morphism /\/10 on — Mg I;;: [A'/Gy]. The morphism to

[A!/G,,] is induced by the Cartier divisor of singular twisted conics, so that we have a commutative diagram

—GIT
MO DY — MO 2n X [Al/Gm]

| !

CEY — 5 CSIT % [AY /Gl

As the vertical arrows are representable, and as we have seen in the proof of Theorem 5.3 that the bottom
horizontal arrow is representable, we deduce that also the top horizontal arrow is representable.
Step 4: we can apply the criterion given in Corollary 4.12. To conclude, observe that M(P)I% contains the

Hassett moduli stack ./\/l0 2n Of weighted 2n-marked rational curves, with weights (€, ..., 1£¢) constructed
in [ ] O

Remark 5.10. It follows from the results in this section that one can compactify the moduli space of maps
C — CSIT as in Theorem 1.1 by considering the enlargement CS!T C &Y and via Theorem 1.2. In particular,
the locus U parametrizing maps P! — CSIT which send the generic point of P! to a strictly stable point, and
such that the composition P! — CSIT — CFIT with the good moduli space is finite, can be compactified

U C U in a way such that the boundary parametrizes maps C — CGIT from a rational twisted curve, and
GIT
which are stable in the sense of Definition 3.3. A similar picture goes through if we consider instead /\/10 o+

5.3. Plane cubics. In this subsection we study a particular example, namely compactifying the space of
maps to the GIT moduli space of plane cubics. Recall that this is defined as [P(H’(Op2(3)))**/ PGLs],
where P(H"(Op2(3)))*® is the open in P(H’(Op2(3))) parametrizing plane cubics with at most nodal sin-
gularities. The stack [P(H"(Op2(3)))**/PGL3] does not contain a proper Deligne-Mumford stack, so to
apply Theorem 1.2 one needs to find an enlargement. We show that, even if one picks an enlargement
[P(H"(Op2(3)))**/ PGL3] C PL of [P(H°(Op2(3)))**/ PGL3] which does not have a clear modular interpre-
tation, one can still use the explicit nature of extended blow-ups to study the objects on the boundary
of Qgiﬁl,i’]gM,,B) in terms of maps to [P(H®(Op2(3)))**/ PGLs], by post-composing a map C — P with
C — P! — [P(H°(Op=(3)))**/ PGL3]. In Proposition 5.19 we list some of the properties of maps C' — P!
appearing as degenerations in the quasimaps moduli space of maps P! — P(H®(Op2(3)))**/ PGL3] coming
from pencils of cubics.

5.3.1. GIT moduli space of plane cubics. We begin by reporting a few classical results, which one might find
in | , ]
(1) each smooth cubic C is GIT-stable,
(2) each nodal cubic can be degenerated, along [A'/G,], to zor1z2
(3) each smooth plane cubic can be written as z3 + 23 + 23+ Azox1 22, | ) |, so each plane cubic
contains u?‘g /13.a X Sg as automorphism group, where we denoted by ps A the diagonal subgroup
of u;??’ and the action of S3 permutes the z;,
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(4) the stabilizer of zgzizs is G2 /Gy o % S3 where Gy, A is the diagonal subgroup of G2 and the
S3 action permutes the coordinates g, x1,x2. This is straightforward once we realize that any
automorphism of PGL3 which fixes zgxz122 = 0 fixes the three nodes [1,0,0], [0, 1,0] and [0, 0, 1],

(5) the GIT quotient P(H’(Op2(3)))/ PGL3 is isomorphic to P*.

In particular, we introduce the following

Notation 5.11. We denote by G := G;/GmA x S3, the stabilizer of zgz179, and by G := G3 x S3 the
group which surjects to G in the obvious way. We further denote P' := [P(H’(Op2(3)))**/ PGL3], and if
BG — P! is the inclusion of the point corresponding to xox; 2, we assume that it corresponds to the point
at infinity in P*.

Lemma 5.12. There is a Luna slice for P* at xow122 isomorphic to [A3/G] where the action of G on A3
comes from an action of G defined as follows:

v

22 2 2

(N, p,v),0) €G3 x S5 acts as (A, p,v),0) % (x1, T2, 23) = (Wx,,l(l), %xrl@), )\Masgl(;;)) .
Proof. We denote by x the point zgzixo. It suffices to study the action of G on T, the tangent space of
T € P(H()(O]PQ (3))), and the image of the map on tangent spaces Ty PGL3 — T, given by the inclusion of
the orbit of x, and where Id is the identity in PGL3. Recall that we can identify the tangent space of the
identity of PGL3 as the matrices as follows

146 €4 €7
€9 1+ €5 €g such that €; + €5 + €9 = 0 and ¢;¢; = 0 for every 1, j.
€3 € 1+ €9

Then the image of Tiq PGL3 — T, X can be identified with the following forms
{((1 4+ €1)xo + €221 + €322) (€awo + (1 + €5)21 + €6x2) (€70 + €sx1 + (L + €9)x2) : €56; = 0,€1 + €5 + €9 = 0}.
The above expression simplifies to

ToL1T2 + 67:8311 + 64:8(2):52 —+ esxox% —+ 62%%%2 + egxoxg + egxlxg.

In particular, in the affine chart of P(H(Op=2(3))) given by xox;22 # 0, we can take as coordinates for T, X
the following ones:

3 3 3 2 2 2 2 2 2
'/EO l‘l .r2 xoxl 1‘01‘2 Z‘ll‘o l‘l.rQ .’EQ(L‘O 1‘2.131

xoiﬂlmz’ $0$1£U27 5E0$1€E27 $0$1$27 $o$1$2’ 580151%2, $0$1$2’ iﬂoxlfz) $0$1$2.
Then the image of T1q PGL3 — T, X can be identified with the linear subspace generated by

x%xl 33(2).732 x%xo x%ﬂfg .Z‘%Z‘o x%xl

330951%27 $0$1$2’ 1U0$1$27 fﬂoxlxz’ xoxﬂz’ ToT1T2

3 3 3
Since the linear subspace < - YoM _%2__ 5 jg G-invariant, we can take it as our W. It is straight-
0T1Z2’ ToX1T2’ TOT1T2
forward to check now that the action of G on W is the desired one. O

The advantage of our local description is that we can explicitly determine how many extended blow-ups
are needed to apply Theorem 4.1. In particular:

Lemma 5.13. Consider A> with the action of G as in Lemma 5.12. The extended blow-up of the ori-
gin EBg A3 contains a Deligne-Mumford stack (EBg A%)py which is proper over the good moduli space of
EBg A3 — A, and the stabilizer of the unique closed point of (EBg A3)pym over 0 € Al is M?S/Hg,A x S3.
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Proof. Recall that we can identify EBgA® with [A*/G x G,,] where the action of G on the first three
components is the original one and trivial on the last component. Similarly, the action of G, on the first
three components is with weight 1 and on the last component is with weight —1. It is now straightforward
to check that the point (1,1,1,0) has /J,g@?’/ug,A X S3 as stabilizers. O

Since the formation of extended blow-ups commutes with étale base change, we have

Corollary 5.14. The extended blow-up of BG C Pl which we denote by ﬁl, contains a proper Deligne-
Mumford stack, which we denote by PL;. The coarse moduli space of P, is P.

5.3.2. Space of maps to P*. We now focus on the problem of compactifying maps to P!, in a specific example.
Consider a moduli space U of pencils of plane cubics, i.e. of maps P! — P(H°(Op2(3))), up to PGL3 (namely,
up to change of coordinates) and such that each map P' — P(H®(Op2(3))) intersects the discriminant locus
transversally (this is a PGLg-invariant condition). In particular:
(1) there is a fibration C — P! where each fiber is a plane cubic, the generic fiber is smooth and the
singular fibers have a single node,
(2) there are exactly 12 nodal singular fibers, as the discriminant is a hypersurface of degree 12 in
P(H(Os:(3))),
(3) if we denote by ¢ : P! — P! the induced morphism, then ¢~'BG = ) as the fibers of C — P! have a
single node,
(4) if we denote by f : P — P! — P! the composition of ¢ with the good moduli space map, then f
has degree 12 and it is unramified over co (the point corresponding to zozixs).

Then there is a map U — Qo(fTﬂ7 i~P]13M) Assume it is a monomorphism.

Notation 5.15. We denote by U/ the closure of I/ inside Qo(iﬂ,@gM). Given a map ¢ : C — Pt — Pl
corresponding to a point in U, there are 12 points in C such that ¢ (p) € P},;. We denote by

QZ: (C 1> B;Il,...,$12) — :Pl
the objects 25: C — P! of U(B), such that there are 12 sections x1,...,z12 of 7 that satisfy

%71(5]31 N §]13M) = {IL‘l, e ,Ilg}.

The following remark follows from the definition of stable quasimap (Definition 3.3), and since the coarse
moduli space of Pl is P*.

Remark 5.16.~Let~($ 1 C = Pl a morphism in I/ inducing f : C — P! on good moduli spaces. Then if
{21, 2m} = ¢ (P N PLyy), for every 0 < e the line bundle we (€Y. ;) ® f*Op1(3) is ample on C.
Lemma 5.17. Let R be a DVR with generic point 1 and closed point p and let (C' — Spec(R); x1, ..., T12) 2,

Pl correspond to a morphism Spec(R) — U witn 12 sections as in Notation 5.15. Assume that n — U maps
into U, and let D C C), be an irreducible component of the central fiber of C'— Spec(R). Then:

(1) if f: D — C — P! is finite and x; € D is a marked point, 5(361) s not contained in the exceptional
divisor of f]vﬂ,

(2) if D — C — P maps to a point z, then D is contained in the exceptional locus of Pl if and only if
z =00, and

(3) if f: D — C — P! is finite x € D is a smooth point of D, then the multiplicity of f~1(c0) at x is
#{i:x; =x}.
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Proof. Let O(—1) be the line bundle on Pl given by the exceptional divisor, let £ = 25*(9(—1) and let t be
the section of £ given by the pull-back of the exceptional locus. By construction of the morphism n — U, the
section t does not vanish along the generic fiber of C. Then V() is, set theoretically, a union of irreducible
components of the special fiber C,, C C that don’t map finitely to P!, so point (1) follows since the markings
x; are smooth on the special fiber.

For (2), since the exceptional locus is contained in 7~ *BG from Definition 4.9, if D C C), maps to a point
different from oo via f, then D is not contained in V(¢). We are left with showing that if f(D) = co then
t vanishes on D. By assumption, the generic point of (E(D) maps to the Deligne-Mumford locus in 5’1, and
there is a unique point of f}v’]le over oo. Such a point is in the exceptional locus, so V(t) vanishes over it.

Finally for (3) observe that the Cartier divisor f~!(c0) is of the form O¢(a1z1 + ... + a12212) ® Oc(A),
where A is effective and supported on the irreducible components of the special fiber mapping to co and
a; > 1. So it suffices to prove that a; = 1 for every 4, which can be checked on the generic fiber. This follows
by assumption, as the maps in U intersect the discriminant locus transversally. ([l

We will need the next auxiliary lemma

Lemma 5.18. Let R be a DVR with generic point 1 and closed point p, let G, be a torus acting on A"
diagonally, let m : BolA"/GL] — [A™/GL)] be the blow-up of [0/G!] — [A™/G!]. Let ¢ : Spec(R) —
[A"/GL ] be a morphism sending the generic point n € Spec(R) to a point in [A™/G})| which does not lie
in [{x; = 0}/G})] C [A™/GL] for any i, where z; are the coordinates on A", and assume that ¢(p) maps
instead to [0/GT.]. Then ¢ lifts uniquely to a morphism ¢ : Spec(R) — Bo[A™/GT.]. Moreover, if we denote
by x1,..., T, the coordinates in A™, we have that a(p) lies along the closed substack of BolA™/G! | given by
the proper transform of the axis in [A"/G})] if and only if the there are i,j such that ¢*z; and ¢*x; vanish

at p with different orders.

Proof. The existence of ¢ follows from the valuative criterion for properness since By[A"/GT,] — [A"/G" ] is
representable and proper, and an isomorphism away from [0/G!,]. For the moreover part, one can identify
the extended blow-up EBg[A"/G~] — [A"/GT ] with [A"T!/GI ] as in Example 4.8 for the case n = 2,
and if A"*! has coordinates X1, ..., X,,, T, the map [A"*! /G 1] — [A"/GT ] sends z; — X;T. A morphism
Spec(R) — [A™/GT,] corresponds to r line bundles L1, ..., £,., together with a section ¢*x; € H’(Spec(R), G;)
for 1 < i < n, where each G; is a linear combination of £y,...,L,. If we denote by m; is the order
of vanishing of ¢*z; for every i and m = min{m;}, the sections ¢*x; lift uniquely to sections of z; €

H(Spec(R),G; ® Ospec(r)(—mp)). One can check that the lift (E comes from the line bundles

{Gi ® Ospec(r)(—=mp) }i U{Ospec(r) (mp) }
and the sections being the sections Z; and the one coming from dualizing the inclusion of the ideal sheaf
Ospec(r) (—mp) = Ospec(r)- Now the desired statement follows observing that m < my; is equivalent to the
vanishing of z; at p. O

Proposition 5.19. Let (C — B;xy, ..., 212) 2Pl be a B-point in U as in Notation 5.15, let ¢ : C — P be
the composition 0f$ and the extended weighted blowup Pl Pl and let f: C — P the composition to the
good moduli space map Pt — PL. Then:
(1) there is a line bundle £ on C with a section t € H(C, L) such that, for every b € B we have an
equality in sets V (), = {D C C irreducible component such that fp(D) = oo},
(2) if D C Cy is an irreducible component such that fy(D) = oo, then the map D — P! factors via
D — BG — P!,
(3) f*Opi(1) 2 Oc(xg+...+212) @LES and f~H(o0) = V(zo-... 212 -t3), where the latter is a section
of Oc(ﬂfo + ...+ 33‘12) X £®3,
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(4) let D C Cy be an irreducible component such that f(D) is not a point and let n € D be a node which
maps to co. Let V. — D be an étale cover of n which is a scheme, let v € V be a point mapping to
n, and let C — V be the resulting family of plane cubics. Then the singularities of C around each
node of C, are isomorphic.

Proof. If we denote by £ = (E*(’)(l) and t the pull-back of a section that vanishes along exceptional locus,
then point (1) follows from Lemma 5.17. Point (2) instead follows from Definition 4.9. Point (3) is true
away from the vanishing locus of ¢ from Lemma 5.17, so it suffices to prove it in an étale neighbourhood of
t = 0. Similarly, point (4) can be checked on an étale neighbourhood of ¢ = 0, so we choose a neighbourhood
where we will check both, as follows. We already computed a Luna slice around the polistable point of P!
in Lemma 5.12, so from Section 2.3 there are diagrams as follows

[W/G x G| —— [A*/G x Gp] [W/G x G| —— T
W/G) ———— [4%/¢] wie — s 31
W)G ———— Al W) G _t p!

with i and « étale, with all squares cartesian, and with a point w € W//G mapping to 0 € A! and oo € P!
Recall that [A*/G x Gy] — [A3/G] is the extended blow-up of the origin in [A3/G,,]. We can then pull-back
the morphism ¢ : C — P! along ¢, this will give us an étale neighbourhood where we will check conditions
(3) and (4). We denote by U := C x¢1 [W/G] and by

du U — [W/G] — [A%/G] and ¢y : U — [W/G x Gp] — [A*/G X Gy

the composition of the two second projections with the maps 8 and ~.

To check condition (3), observe that if 21, ¥, 3 are the coordinates of A®, then the ring of G-invariants
consists of Spec(k[z1m223]). Moreover if X, X, X3,T are the coordinates on A%, the blowdown morphism
[A*/G x Gn] — [A%/G] is induced by x; +— X;T. Then the composition sends z;zoz3 — X1 X2 X373, so if
we denote by 7 : [A*/G x G,] — Al is the composition of the extended blow-down [A*/G x G,,] — [A%/G]
and the good moduli space map [A%/G] — Al then

(2) 77H0) = [V(X1X2X3T?) /G x Gp).

In particular, as V(T') is the exceptional divisor, the Cartier divisor V' (t) C U agrees with V(gg;‘]T) Similarly,
from Lemma 5.17, the Cartier divisor V((E}}(XngXg)) agrees with V(py - ... p12), where we denoted by p;
the pull-backs of the markings on C' to U. Now point (3) follows from Equation (2).

To prove (4), we can take a further étale cover of [A3/G] as follows. Recall that G = (G2 /Gy, a) % S5, s0
one can take the Sz-torsor [A3/(G2 /Gy a)] — [A3/G]. This gives a family of maps € — [A3/(G2, /G a)],
and over the origin one can check from the explicit description of the Luna slice in Lemma 5.12 that the
directions {z; = 0} C A3 correspond to degenerations of V(zgr122) C P? along which a node does not
smooth. The formation of the extended blow-up commutes with flat base changes, so

[AY/G % Gu] X[a3/6,.) [A°/(GR/Gm,a)] = [AY/ (G}, /Gim,a) X G-

Since ¢(n) maps to EJVD]BM, du(n) does not map in [V (X1 X2X3)/G x Gu] C [A*/G x Gpl. In other terms,
¢u(n) maps to the unique point of [A*/G x Gy,] which is in Phy; x5, [A?/G x Gy and is over oo, namely
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the point (1,1,1,0) C [A*/G x Gy,). Then from Lemma 5.18 the order of vanishing of E)F*le does not depend

on i. The conclusion now follows from Lemma 5.18. O
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